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Overview, Model History, Book Outline

ACE Model – Overview
a powerful new framework for Interest (&FX) Rate modeling
a (multi-currency) short rate model
lots of parametric freedom, including � (x; t)
other nice properties (bounded below, unspanned, . . . )
ACE Model = Adaptive Curve Evolution Model

Model History

2012–13 original model (theo. physics-based) Gregory Pelts
2014–18 Rn-based reformulation; 1st Edition M. Heymann
2020 multi-currency expansion; 2nd Ed. M. Heymann
2024 faster model derivation; 3rd Edition M. Heymann
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Overview, Model History, Book Outline

Book Outline

Chap. Content

1 Introduction: desired properties, model comparison

2 Rn-based single-currency model
3 Rn-based multi-currency model

4 Quick derivation

5–7 The Pelts IR framework
8 Derivation of the Rn-based equations
9 Recap

App. Technical proofs
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Desired Properties of Interest Rate Models

Prime Objective
completeness: Valuation of bonds for all maturities, and
of all derived products

Market-Observed or Idealized Properties
no arbitrage: Bond price processes are martingales.
rates bounded below
time homogeneity: If desired, running the model from
different starting times t0 should lead to analogous results.

Numerical Feasibility

explicit bond prices: analytic formula for BT (x; t)
low-dimensionality: dim. small enough for numerics,
large enough for realistic dynamics
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Desired Properties of Interest Rate Models
Calibration

parametric freedom: enough parameters to calibrate to
bonds, caps/floors, and swaptions;
including at least one functional parameter (e.g., � (x; t))
dynamical flexibility: ability to mimic any conceivable
real-world market behavior
unspanned volatility: To facilitate calibration in practice,
BT (x; t) should not depend on � .

Advantage of Unspanned Volatility: Multi-Step Calibration
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Desired Properties of Interest Rate Models
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Desired Properties of an Interest Rate Model
market features numerics calibration
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short rate XX XX X X � X X X �
affine XX XX X X XX X �� (X ) ��
HW (1D) XX XX �� X XX XX �� �� ��
CIR XX XX XX X XX XX �� �� ��

HJM XX XX X X XX �� X X XX
discretized XX (XX ) X (X ) XX �� X X XX

BGM �� XX XX �� XX ((X )) XX XX XX
interpolated XX �� XX �� XX ((X )) XX XX XX

Cheyette XX XX X X XX (X ) X X XX
LGM XX XX �� X XX (X ) �� �� XX
HW (2D) XX XX �� X XX X �� �� XX

ACE XX XX XX X XX XX XX XX XX
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The Single-Currency ACE Model
ACE Model Equations

For 8n � 3, the ACE short rate process (r (Xt )) t � 0 is defined by
a state process (Xt )t � 0 in Rn and a function r : Rn ! R, where

r (x) := r1 + hv; xi ;
dXt = � (Xt ) dt + � (Xt ; t) dWt ; Xt= 0 = x0 ;

� (x) := ( � � I + E)x + 1
n� 2kxk2v � 2

n� 2hv; xi x:

ACE Model Parameters (2n + 1 discrete, one functional)

r1 > 0 long-term rate
v 2 Rn weight vector, kvk = 1
x0 2 M initial state, M := f x 2 Rn j r (x) > 0g
� : M � R+ ! R+ noise function
� > 0 reversion speed
E 2 Rn� n oscillation frequency matrix, ET = � E
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The Single-Currency ACE Model
ACE Model Equations

For 8n � 3, the ACE short rate process (r (Xt )) t � 0 is defined by
a state process (Xt )t � 0 in Rn and a function r : Rn ! R, where

r (x) := r1 + hv; xi ;
dXt = � (Xt ) dt + � (Xt ; t) dWt ; Xt= 0 = x0 ;

� (x) := ( � � I + E)x + 1
n� 2kxk2v � 2

n� 2hv; xi x:

Drift Flow Diagram, Positive Rates
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r (Xt ) > 0 for 8t � 0 if

� (n; r1 ; �; v; E) > 0

lim
x! @M

� (x; t) = 0
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The Single-Currency ACE Model

Bond Price Formula
For any state x 2 M, time t � 0, and maturity T = t + � , the bond
price BT (x; t) := E

�
exp

�
�

RT
t r (Xs) ds

� ��Xt = x
�

is given by

. . .

Bt+ � (x; t) = e� r1 �



 kc� kx + c�

kc� k





2� n

;

c� := 1
n� 2 (E + � I) � 1�

e� � (E+ � I) � I
�
v:

This is independent of � . ) The ACE model is unspanned!

Feynman–Kac For Unspanned Models

8t 2 [0; T ) 8x 2 M :
�
@t + h� (x); ri + 1

2 � 2(x; t)� � r (x)
�

BT (x; t) = 0
8x 2 M : BT (x; T ) = 1

,
�
@t + h� (x); ri � r (x)

�
BT (x; t) = 0 and � BT (x; t) = 0
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The Single-Currency ACE Model

Forward Rates
The forward rates F (x; t ; s), defined via the relation

BT (x; t) = : exp
�
�

RT
t F (x; t ; s) ds

�
;

can then be computed with the formula

F (x; t ; s) = r (Us� t (x)) :

This holds for all unspanned models.

Zero-Noise Process
The solution of the zero-noise process, the ODE _x = � (x), is

x(t) = Ut (x0) := g� 1�
et(E+ � I)g(x0)

�
; where

g(z) := z
kzk2 + 1

n� 2 (E + � I) � 1v:

Observe that the maps Ut are conformal (angle-preserving).
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Summary: ACE Model Equations – Single Currency

For 8n � 3, the ACE short rate process (r (Xt )) t � 0 is defined by
a state process (Xt )t � 0 in Rn and a function r : Rn ! R, where

dXt = � (Xt ) dt + � (Xt ; t) dWt ; Xt= 0 = x0;

� (x) := ( � � I + E)x + 1
n� 2kxk2v � 2

n� 2hv; xi x;

r (x) := r1 + hv; xi :

Bond prices, zero-noise evolution & forward rates are given by:

Bt+ � (x; t) = e� r1 �



 kc� kx + c�

kc� k





2� n

;

c� := 1
n� 2 (E + � I) � 1�

e� � (E+ � I) � I
�
v

Ut (x0) = g� 1�
et(E+ � I)g(x0)

�
;

g(z) := z
kzk2 + 1

n� 2 (E + � I) � 1v:

F (x; t ; s) = r (Us� t (x)) :
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Summary: ACE Model Equations – Single Currency

For 8n � 3, the ACE short rate process (r (Xt )) t � 0 is defined by
a state process (Xt )t � 0 in Rn and a function r : Rn ! R, where

dXt = � (Xt ) dt + � (Xt ; t) dWt ; Xt= 0 = x0;

� (x) := ( � � I + E)x + 1
n� 2kxk2v � 2

n� 2hv; xi x;

r (x) := r1 + hv; xi :

Bond prices, zero-noise evolution & forward rates are given by:

Bt+ � (x; t) = e� r1 �



 kc� kx + c�

kc� k





2� n

;

c� := 1
n� 2 (E + � I) � 1�

e� � (E+ � I) � I
�
v

X completeness
X no arbitrage
X positive rates

X time homogeneity
X explicit bond prices
X low-dimensionality

X parametric freedom
X dynamic flexibility
X unspanned volatility
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The Multi-Currency ACE Model

Model Setup

Given a set C of currencies (e.g., C = f $; AC; £g), define positive
short rate and exchange rate processes

(r c(Xt )) t � 0 and (ac1=c2(Xt ; t)) t � 0;

for 8c; c1; c2 2 C, by providing
a state process (Xt )t � 0 ,
short rate functions r c(x) > 0,
exchange rate functions ac1=c2(x; t) > 0.

Desired Properties
no arbitrage opportunities
� -indep. formulas for bond prices (& FX forward rates)
Each process (r c(Xt )) t � 0, under the measure associated
to c, should be a single-currency ACE process.
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The Multi-Currency ACE Model

Instrument Valuation
For some fixed base currency c0 2 C, the value (in c0) of a
future payout Pc0;T is then given by

Vc0(x; t) = Ec0

�
Pc0;T � exp

�
�

RT
t r c0(Xs) ds

� �� Xt = x
�
:

For other payout/valuation currencies c0, use ac0=c0(x; t).

Consistency Conditions
To avoid arbitrage opportunities, we need to require that

ac1=c2 � ac2=c3 = ac1=c3 ;
�
@t + h� (x); ri + 1

2 � 2(x; t)� +
�
r c1(x) � r c2(x)

��
ac1=c2(x; t) = 0:
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The Multi-Currency ACE Model
ACE Model Equations (Multi-Currency)

Let c0 2 C be a fixed base currency. The state process (Xt )t � 0
is as before:

. The functions r c(x) and ac1=c2(x; t) are defined as:

dXt = � (Xt ) dt + � (Xt ; t) dWt ; Xt= 0 = x0 ;

� (x) := ( � � I + E)x + 1
n� 2kxk2vc0 � 2

n� 2hvc0 ; xi x:

ACE Model Parameters

� (x; t) > 0 noise function

, limx! @M � (x; t) = 0

x0 2 M initial state

, M := f x 2 Rn j r c(x) > 0 for 8c 2 Cg

� > 0 reversion speed
E 2 Rn� n oscillation frequency matrix, ET = � E
vc0 2 Rn weight vector, kvc0k = 1

r c
1 > 0 long-term rates

ac > 0 currency spot attractors, ac0 = 1
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The Multi-Currency ACE Model
ACE Model Equations (Multi-Currency)

Let c0 2 C be a fixed base currency. The state process (Xt )t � 0
is as before. The functions r c(x) and ac1=c2(x; t) are defined as:

r c(x) := r c
1 + hvc ; Gc(x)i

ac1=c2(x; t) :=
ac1 �e� r

c11 t �


 kcc2 kx� cc2

kcc2 k



 n� 2

ac2 �e� r
c21 t �



 kcc1 kx� cc1
kcc1 k



 n� 2

ACE Model Parameters (n � 1 + jCj(n + 2) discrete, plus � )

� (x; t) > 0 noise function, limx! @M � (x; t) = 0
x0 2 M initial state, M := f x 2 Rn j r c(x) > 0 for 8c 2 Cg
� > 0 reversion speed
E 2 Rn� n oscillation frequency matrix, ET = � E
vc 2 Rn weight vectors, only kvc0k = 1
r c
1 > 0 long-term rates

ac > 0 currency spot attractors, ac0 = 1
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The Multi-Currency ACE Model
ACE Model Equations (Multi-Currency)

Let c0 2 C be a fixed base currency. The state process (Xt )t � 0
is as before. The functions r c(x) and ac1=c2(x; t) are defined as:

r c(x) := r c
1 + hvc ; Gc(x)i

ac1=c2(x; t) :=
ac1 �e� r

c11 t �


 kcc2 kx� cc2

kcc2 k



 n� 2

ac2 �e� r
c21 t �



 kcc1 kx� cc1
kcc1 k



 n� 2

cc := 1
n� 2 (E + � I) � 1(vc � vc0)

Gc(x) := i(i(x) � cc); where i(x) := x
kxk2

ACE Model Parameters (n � 1 + jCj(n + 2) discrete, plus � )

� (x; t) > 0 noise function, limx! @M � (x; t) = 0
x0 2 M initial state, M := f x 2 Rn j r c(x) > 0 for 8c 2 Cg
� > 0 reversion speed
E 2 Rn� n oscillation frequency matrix, ET = � E
vc 2 Rn weight vectors, only kvc0k = 1
r c
1 > 0 long-term rates

ac > 0 currency spot attractors, ac0 = 1
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The Multi-Currency ACE Model
ACE Model Equations (Multi-Currency)

Let c0 2 C be a fixed base currency. The state process (Xt )t � 0
is as before. The functions r c(x) and ac1=c2(x; t) are defined as:

dXt = � (Xt ) dt + � (Xt ; t) dWt ; Xt= 0 = x0 ;

� (x) := ( � � I + E)x + 1
n� 2kxk2vc0 � 2

n� 2hvc0 ; xi x:

r c(x) := r c
1 + hvc ; Gc(x)i

ac1=c2(x; t) :=
ac1 �e� r

c11 t �


 kcc2 kx� cc2

kcc2 k



 n� 2

ac2 �e� r
c21 t �



 kcc1 kx� cc1
kcc1 k



 n� 2

cc := 1
n� 2 (E + � I) � 1(vc � vc0)

Gc(x) := i(i(x) � cc); where i(x) := x
kxk2

ACE Model Parameters (n � 1 + jCj(n + 2) discrete, plus � )

� (x; t) > 0 noise function, limx! @M � (x; t) = 0
x0 2 M initial state, M := f x 2 Rn j r c(x) > 0 for 8c 2 Cg
� > 0 reversion speed
E 2 Rn� n oscillation frequency matrix, ET = � E
vc 2 Rn weight vectors, only kvc0k = 1
r c
1 > 0 long-term rates

ac > 0 currency spot attractors, ac0 = 1
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The Multi-Currency ACE Model
Bond Price Formula
For any state x 2 M, time t � 0, and maturity t + � , the price –
measured in units of c2 – of the bond that at time t + � pays out
one unit of c1 is given by

Bc1
c2;t+ � (x; t) =

ac1 � e� r
c11 (t+ � ) �



 kcc2 kx� cc2
kcc2 k



 n� 2

ac2 � e� r
c21 t �




 kcc1
� kx� c

c1�
kc

c1� k





n� 2 ;

cc
� := 1

n� 2 (E + � I) � 1�
e� � (E+ � I)vc � vc0

�
:

Interest & FX Forward Rates
The interest and FX forward rates are given by

F c(x; t ; s) = r c(Us� t (x)) ;

ac1=c2
t+ � (x; t) =

Bc1
c1;t+ � (x; t)

Bc2
c1;t+ � (x; t)

:
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Recap

ACE Model Recap

r (x) := r1 + hv; xi
dXt = � (Xt ) dt + � (Xt ; t) dWt ; Xt= 0 = x0

� (x) := ( � � I + E)x + 1
n� 2kxk2v � 2

n� 2hv; xi x

a powerful new short rate model for one or more currencies
2012/13: theo. physics-based IR framework by Gregory Pelts
2014–20: rephrased, refined, extended to multiple curr. by myself
book on Amazon
low-dimensional (n 6= 2), rates bounded below
n � 1 + jCj(n + 2) discrete parameters, plus functional par. � (x; t)
unspanned (BT (x; t) indep. of � ) ! easier swaption calibration
NEXT STEPS: spread the word, research calibration strategies
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The Single-Currency ACE Model, n = 1

Model Equations (Hull–White Model)

dRt = � (Rt ) dt + � dWt ; Rt= 0 = r0;
� (r) := � � (r � r1 )

�‡���U��

� ���U��

�� �U�U�’

� �+�:

�V�O�R�S�H� �

Constraints
�; r1 > 0

r0 > 0

Matthias Heymann The ACE Model For Interest & FX Rates



The Single-Currency ACE Model, n = 1

Model Equations (1D ACE Model)

dRt = � (Rt ) dt + � (Rt ) dWt ; Rt= 0 = r0;
� (r) := � � (r � r1 ) + ( r � r1 )2

�‡���U��

� ���U��

�� �U�U�’

� �+�:

�V�O�R�S�H� �

� �$�&�(

�UÂ•��’
� �

�U�P�D�[

Constraints
�; r1 > 0
rmax 2 (r1 ; r1 + � )
r0 2 (0; rmax)
r � 0 : � (r) <

p
2� (0)r

r � rmax : � (r) <
p

2j� (rmax)j(rmax� r)
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The Single-Currency ACE Model, n = 1

Model Equations (1D ACE Model)

dRt = � (Rt ) dt + � (Rt ; t) dWt ; Rt= 0 = r0;
� (r) := � � (r � r1 ) + ( r � r1 )2

�W

�‡���U���W��

� ���U��

�� �U�U�’

� �+�:

�V�O�R�S�H� �

� �$�&�(

�UÂ•��’
� �

�U�P�D�[

Constraints
�; r1 > 0
rmax 2 (r1 ; r1 + � )
r0 2 (0; rmax)
r � 0 : � (r; t) <

p
2� (0)r

r � rmax : � (r; t) <
p

2j� (rmax)j(rmax� r)
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The Single-Currency ACE Model, n = 1

Bond Price & Forward Rate Formulas

BT (r; t) =
�
1 � r� r1

�
�
e� r1 (T � t) + r� r1

� e� (r1 + � )( T � t)

F (r; � ) = r1 +
� (r � r1 )

(� + r1 � r)e�� + ( r � r1 )

Advantages over Hull–White

parametric freedom: � (r; t) is now a function of r, too.
unspanned volatility: BT (r; t) does not depend on � (r; t).
bounded rates: in fact, below and (in 1D only) above

Disadvantages
We must choose rmax < r1 + �
still only 3 (= 2n + 1) discrete parameters: �; r1 ; r0

still limited dynamic flexibility (as for any 1D model)
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