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Preface to Edition 1

Modeling interest rate-related products is an inherently complex task: The un-
derlying set of fundamental instruments—the zero-coupon bonds for all future
maturities—is large, correlated in a complex way, and subject to constraints
(interest rates are typically bounded below). Furthermore, the family of liquid
instruments that the model should be able to calibrate to—caps, floors, and
swaptions of all strikes, expirations, and maturities—is large as well, and so
global calibration is di!cult to achieve.

Over time, various modeling approaches have been developed, first and fore-
most market and short rate models. Unfortunately, none of those have all the
properties that are required of a truly generic and tractable framework. The
market model approach (i.e., the BGM model) is high-dimensional and models
only finitely many maturities in a consistent manner, which in practice leads
to compromises in terms of speed, accuracy, calibration quality, consistency,
and time homogeneity. Short rate models are generally fast and numerically
tractable, as long as they allow bond prices to be computed via an explicit
analytic formula; however, all the popular such models have other downsides:
A!ne models lack the parametric freedom and dynamical flexibility to achieve
true global calibration, while the otherwise powerful Cheyette model class intro-
duces extra state space dimensions to obtain its Markovian structure, thus lim-
iting the number of noise sources that one can use before numerical issues arise.

As a consequence, faced with the problem of achieving global calibration in
a numerically feasible way, modelers frequently find themselves having to choose
between either ignoring market information, or resorting to using a patchwork
of ad hoc methodologies and separate models targeting di”erent types of instru-
ments. The result is an inconsistent modeling environment that can leave its
unsuspecting user vulnerable to arbitrage.

The ACE (“Adaptive Curve Evolution”) model, in its original form developed
by Gregory Pelts in [1] and now carefully rephrased, refined, and made more
accessible in the present book, is the first interest rate framework to provide
a mathematically accurate solution that does not require any such fixes, while
at the same time being computationally extremely e”ective. It is a fully con-
sistent multi-factor interest rate model that can be robustly calibrated to caps,
floors, and swaptions with various strikes, expirations, and maturities, and that
can e!ciently price Bermudan, accreting, amortizing, and mid-curve swaptions,
volatility forwards, spread options, and all other single-currency derivatives.

v



vi

More precisely, the n-factor ACE model (n → N\{2}) is a short rate process
(r(Xt))t→0 that is defined via a scalar-valued function r(x) > 0 and an SDE

dXt = µ(Xt) dt+ ω(Xt, t) dWt, Xt=0 = x0

for its state variable process (Xt)t→0, which is of the same dimension n as
the Brownian motion (Wt)t→0 driving it. Its short rate function r(x) and its
drift µ(x) are specific functions (see Section 2.1 for their exact definitions) that
together with the initial state x0 provide parameters with a total of 2n + 1
degrees of freedom for calibrating the model to the discount curve; in addition,
the scalar-valued noise function ω(x, t) > 0 can essentially be chosen freely,
which allows the model to be calibrated to the entire caps and swaptions market.
Finally, the model provides a closed-form bond price formula that is independent
of ω (i.e., it is unspanned), which increases the leverage during the calibration
of ω since it allows for bootstrapping by expiration as opposed to maturity. The
ACE model is the first interest rate model to combine all of these properties.

Our construction of the ACE model relies on a variety of compelling non-
standard techniques. It begins by setting up a general “numeraire-free” math-
ematical framework for interest rate modeling, in which account values are
represented by sections on a line bundle (instead of regular functions), with
the no-arbitrage condition expressed by way of a section-based variant of the
Kolmogorov backward equation that all sections associated to self-financing ac-
counts have to satisfy. The actual derivation of the model then makes ample use
of several tools from theoretical physics that are introduced to the reader along
the way, e.g., the Minkowski space (the space used in Einstein’s Special Theory
of Relativity), the forward light cone, projective spaces, co- and contravariant
tensors, pseudo-orthogonal operators, and the d’Alembert operator.

Luckily, the reader who merely wishes to understand the ACE model well
enough to use it in practice will not need to learn any of these advanced tech-
niques: After our introduction in Chapter 1, Chapter 2 will lay out all of our
main results in detail, along with some straightforward proofs that require only
standard knowledge in analysis, stochastic processes, and mathematical finance.
The only caveat of this shortcut is that it will leave the reader wondering about
the origins of our exact definition of µ(x), and of our bond price formula, which
at that point will appear to be an ingenious guess. It is then left to the reader
to decide whether they want to proceed and study also the model’s derivation
in Chapters 5–8, which will provide invaluable insight into the model’s inner
workings, and which will equip him with a diverse set of unconventional math-
ematical tools that may well contain the key also to other financial modeling
problems.

I hope that the reader will find this book both useful and inspiring, and that
I will succeed in encouraging them to give the ACE model a try. While the path
may be steep and rocky at times, I believe that the journey will surely be worth
the e”ort. Fasten your seat belts.

Matthias Heymann New York, NY, USA
May 2018



Preface to Edition 2

To extend an interest rate model to multiple currencies in a practically mean-
ingful way, it is not enough to simply make multiple copies of the model and
correlate their driving Brownian motions: First, this would multiply the state
space dimension n by the number of currencies, quickly making the model nu-
merically intractable. Second, this would only allow us to compute the bond
prices in their respective currencies (i.e., the prices of dollar bonds measured
in dollars, the prices of Euro bonds measured in Euros, etc.), and so we would
crucially be missing the currencies’ exchange rates, which one needs in order to
compare the values of these bonds with one another.

Instead, in the newly added Chapter 3 we are seeking to extend our single-
currency ACE model without modifying its original state process (Xt)t→0 (thus
leaving n unchanged), by defining additional deterministic functions for comput-
ing the short rates of all the various currencies and the exchange rates between
them. More precisely, denoting by C the collection of currencies in scope, e.g.,
C := {$,AC,£}, we need to define a short rate function rc(x) for each c → C,
and a spot exchange rate function ac1/c2(x, t) > 0 for each pair of currencies
c1, c2 → C, thus giving rise to the short rate and exchange rate processes

(rc(Xt))t→0 and (ac1/c2(Xt, t))t→0 .

We would then need to derive analytic (ω-independent) formulas for the bond
prices Bc1

c2,T
(x, t) for ↑c1, c2 → C, i.e., for the values measured in units of c2 of the

bond that pays one unit of c1 at time T ↓ t. By a simple no-arbitrage argument,
this would then in fact give us explicit formulas also for all the forward exchange

rates ac1/c2
T

(x, t), T ↓ t.
Unfortunately, upon exploring the various pitfalls that can lead to incon-

sistencies and arbitrage opportunities, it quickly becomes apparent that finding
such an extension to any given single-currency model is a highly non-trivial task
that requires rc, ac1/c2 , and the SDE’s drift µ to interact in seemingly impossible
harmony. Even just the basic requisite that restricting the model to any fixed
currency c should yield the given single-currency model again is much more
complex than one may assume, as it involves changing the measure of (Xt)t→0

(to change the numeraire to c), in fact followed by a change of variables.
To the rescue, once again, comes the ACE model’s underlying section-based

numeraire-free modeling framework, in which the necessity for a change of nu-
meraire elegantly disappears, thus making the construction of a multi-currency
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extension e”ortless. As in the single-currency case, after translating the model
equations back into the familiar world of Rn, we obtain a fully self-contained
Rn-based description of the model that can be understood, verified, and imple-
mented by any skilled Master’s student with just a solid training in analysis,
stochastic processes, and mathematical finance.

Of course, this necessary detachment of the model from its now inaccessible
origins is somewhat regrettable. On the plus side, seeing the many pieces of the
multi-currency ACE model’s machinery fall into place so perfectly to satisfy its
various interconnected analytical requirements (which in the original section-
based framework are mere trivialities) will be certain to leave the reader with a
feeling of exhilaration akin to witnessing wizardry at work. Wingardium leviosa.

Matthias Heymann New York, NY, USA
March 2020



Preface to Edition 3

The illusion of simplicity is not always easy to come by. Over the course of its
lifetime, the ACE model has undergone several transformations to make itself
accessible to the widest audience possible. Up until now, this e”ort had been
limited to providing the reader with simple Rn-based model equations and with
independent proofs that they work as advertised, leaving the user in the dark
about how these formulas had been unearthed in the first place, unless they
took it upon themselves to embark with us on our challenging journey through
Minkowski space.

As a souvenir for those left behind, this third edition of this book now con-
tains a new chapter with a much shorter alternative “derivation” of the model,
based on three comparably simple steps that our model equations have long
begged us to explore, in particular since their extension to the multi-currency
case. This should certainly be of help to illumine the Fast & Curious.

Why the air quotes, you may ask? Because one can only solve a problem
for the first time once, and so in reality, any alternative solution presented later
silently builds on all the experiences gained on the original path to success, and
may thus be hiding some key insights up the mathemagician’s sleeves.

Would this quick derivation be an exception? With our excitement from
having traversed the Path of Enlightenment still fresh, it dawns on us that its
final passage appears to have relied on some well-hidden stroke of luck. So has
it been Fortuna herself who has been holding our hands along our journey? We
slowly dare to turn our heads to take a look at the shadow to our right, and then
reality is setting in: Yet again, it hasn’t been Lady Luck at all, but Gregory
Pelts.

Nevertheless, I hope you will enjoy the ride.

Matthias Heymann New York, NY, USA
November 2024
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Summary: Single-Currency ACE Model

Short Rate Process: (r(Xt))t→0

Short Rate Function

r(x) := r↑ + ↔v,x↗

State Process

dXt = µ(Xt) dt+ ω(Xt, t) dWt, Xt=0 = x0

µ(x) := (↘εI + E)x+ 1
n↓2≃x≃

2v ↘ 2
n↓2 ↔v,x↗x

Parameters & Constraints

Name Description Constraints DoF

n state space dimension n ↓ 3 (n = 1: Sect. 2.9) –

r↑ long-term rate r↑ > 0 1
v weight vector ≃v≃ = 1, (2.42)–(2.43) ⇐n/2⇒ ↘ 1
x0 initial state r(x0) > 0 n
ε reversion speed ε > 0 1

E oscillation freq. matrix ET = ↘E, (2.41), (2.43) ⇑n/2⇓
ω(x, t) noise function ω > 0, Lemma 2.4 ⇔
Total DoF: 2n+ 1 discrete parameters, one functional parameter

ϑ := r↑ε↘ 1
n↓2r

2
↑ ↘ n↓2

4 ≃Ev≃2 ↓ 0
Other Constraints:

if ϑ = 0 then ε < 2
n↓2r↑

Key Formulas

Bond Prices

B$,T (x, t) = e↓r→ω
∥∥≃cω≃x↘ cω

↔cω↔
∥∥2↓n

cω := 1
n↓2 (E + εI)↓1[e↓ω(E+εI) ↘ I]v

ϖ := T ↘ t

Zero-Noise Process

Ut(x) = i
(
et(E+εI)

(
i(x) + v̂

)
↘ v̂

)

i(x) := x
↔x↔2 (i(ϱ0) := ⇔, i(⇔) := ϱ0)

v̂ := 1
n↓2 (E + εI)↓1v

Forward Rates

F (x, t; s) = r(Us↓t(x))
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Summary: Multi-Currency ACE Model

Short Rate & Exchange Rate Processes: (rc(Xt))t→0 , (ac1/c2(Xt))t→0

Short Rate & Exchange Rate Functions

rc(x) := rc↑ + ↔vc, Gc(x)↗

ac1/c2(x, t) :=
ac1 · e↓r

c1
→ t ·

∥∥≃cc2≃x↘ cc2

↔cc2↔
∥∥n↓2

ac2 · e↓r
c2→ t ·

∥∥≃cc1≃x↘ cc1

↔cc1↔
∥∥n↓2

Helper Functions

cc := 1
n↓2 (E + εI)↓1(vc ↘ vc0)

i(x) := x
↔x↔2 (i(ϱ0) := ⇔, i(⇔) := ϱ0)

Gc(x) := i(i(x)↘ cc)

State Process (c0-Measure)

dXt = µ(Xt) dt+ ω(Xt, t) dWt, Xt=0 = x0

µ(x) := (↘εI + E)x+ 1
n↓2≃x≃

2vc0 ↘ 2
n↓2 ↔v

c0 ,x↗x

Parameters & Constraints

Name Description Constraints DoF

C set of currencies – –
c0 base currency c0 → C –
n state space dimension n ↓ 3 –

rc↑ long-term rates ↑c → C : rc↑ > 0 |C|
≃vc0≃=1, ↑c → C : vc ↖= ϱ0, ⇐n/2⇒ ↘ 1

vc weight vectors
vc0 only: (2.42)–(2.43) +(|C|↘1)n

ac curr. spot attractors ac0 = 1, ↑c → C : ac > 0 |C|↘ 1
x0 initial state ↑c → C : rc(x0) > 0 n
ε reversion speed see below 1

E oscillation freq. matrix ET = ↘E, (2.41), (2.43) ⇑n/2⇓
ω(x, t) noise function ω > 0, Lemmas 3.9+3.11 ⇔
Total DoF: n↘ 1 + |C|(n+ 2) discrete parameters, one functional par.

Other Constraints: ε > maxc↗C

(
r
c
→

n↓2 + n↓2
4rc→

↔Evc↔2

↔vc↔2

)
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Key Formulas

General Derivative Pricing

Vc2(x, t) =
1

ac2/c0 (x,t)
E
[
Pc1,T · ac1/c0(XT , T )

↙ exp
(
↘
∫
T

t
rc0(Xs) ds

)∣∣Xt = x
]

price (in c2) of a payout of Pc1,T units of c1 at time T

Bond Prices

Bc1
c2,T

(x, t) =
ac1 · e↓r

c1
→T ·

∥∥≃cc2≃x↘ cc2

↔cc2↔
∥∥n↓2

ac2 · e↓r
c2→ t ·

∥∥≃cc1ω ≃x↘ c
c1
ω

↔cc1
ω ↔

∥∥n↓2

price (in c2) of the bond paying 1 unit of c1 at time T

Forward Exchange Rates

ac1/c2
T

(x, t) =
ac1 · e↓r

c1
→T ·

∥∥≃cc2
ω
≃x↘ cc2

ω

↔cc2
ω ↔

∥∥n↓2

ac2 · e↓r
c2→T ·

∥∥≃cc1ω ≃x↘ c
c1
ω

↔cc1
ω ↔

∥∥n↓2

Zero-Noise Process

Ut(x) = i
(
et(E+εI)

(
i(x) + v̂

)
↘ v̂

)

Forward Rates

F c(x, t; s) = rc(Us↓t(x))

Helper Functions

ϖ := T ↘ t

cc
ω
:= 1

n↓2 (E + εI)↓1
[
e↓ω(E+εI)vc ↘ vc0

]

v̂ := 1
n↓2 (E + εI)↓1vc0

Optional: Canonical Parametrization

To simplify these formulas, choose as c0 an added artificial currency
with rc0↑ := 0, ac0 := 1, and vc0 := ϱ0 (such that rc0(x) ∝ 0), impose the
vc0 - and ac0 -constraints on some other currency, and disregard c0 in the
constraints on x0 and ε.

This makes µ and thus Ut(x) = et(E↓εI)x linear and simplifies cc, cc
ω
,

and Vc2(x, t). Downside: Pricing derivatives in a real base currency c0
removes the need for exchange rates; this is then no longer an option.
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Chapter 1

Introduction

In this introduction we will begin by compiling a comprehensive list of all the
features that are desirable of a single-currency interest rate modeling framework.
The last of them, unspanned volatility, is probably the hardest to understand,
and so we will dedicate a separate section to explaining the main benefit of
having this property, namely the ability to bootstrap by expiration. Then we
will review the most common approaches to interest rate modeling, discuss
their strengths and weaknesses, and demonstrate the advantages of the ACE
model over the currently available models. Finally, we will extend our list of
desired model features to those of multi-currency interest rate models. The
introduction then concludes with brief overviews of the structure of this book
and of the history of the ACE model, followed by some credits.

1.1 Desired Features – Single-Currency Models

Focussing on single-currency interest rate models for now (we will get to the
multi-currency case later in Section 1.4), we begin our list of desired model
features with our prime objective.

↭ Completeness: For a fixed given currency (in the following referred to as
the dollar), the model should allow for the valuation of the set of zero-coupon
bonds1 for all future maturities, and of all derived single-currency products.

The remainder of the list is comprised of three categories. The first one
contains characteristics that are either directly observed in the market, or that
one expects to find under certain idealized market conditions.

1A maturity-T zero-coupon bond is an instrument that entitles its owner to a one-time
payment of one unit of currency (a “dollar”) at the future time T . Such bonds typically
serve as the set of basis instruments of interest rate models, since all bonds with less trivial
payment schedules are equivalent to a collection of zero-coupon bonds with various notionals
and maturities.

1
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↭ Consistency: The model should be consistent in the sense that the prices
it produces are arbitrage free. In particular, this requires all bond price
processes to be martingales under the measure associated to the chosen nu-
meraire; e.g., bond price processes expressed in units of a specific maturity-T
bond should be martingales under the T -forward measure.

↭ Positivity of interest rates: Negative rates, which have been observed in
the past for some currencies, do not necessarily present arbitrage opportuni-
ties: This apparent disadvantage of investing in bonds over simply holding
on to your physical cash can be explained by the inherent risks of this alter-
native, and by the convenience fees charged by the bank for keeping one’s
money in an account.

Nevertheless, this can only justify minor forays into the negative rate ter-
ritory, and so any sensible model should either stay clear of negative rates
entirely, or at least keep negative rates tightly bounded. Such a lower bound
should be actualized without the use of any brute-force post-simulation floor-
ing, which would compromise consistency.

↭ Tractable time homogeneity: By definition, the behavior of a time-homo-
geneous model at any process time t can only depend on the current state x
of the system, and not explicitly on t. For deterministic smooth dynamics
this means that the system can be written in the form ẋ = µ(x), as opposed
to ẋ = µ(x, t); for stochastic dynamics we ask that the drift and the noise
function of the SDE describing the state dynamics under the risk-neutral
measure do not depend on t.2 The parametrization x in which one wants
this property to hold should encode the market information relative to the
time t at which the state x is observed, such as the yield curve as a function
of the time to maturity (e.g., 10 years, as opposed to the time of maturity,
e.g., 2028).3 See Section 5.11 for a more detailed discussion.

In practice, proper calibration may require us to purposely break time ho-
mogeneity in a controlled manner, by making some of our model parameters
time dependent (if the model permits). In the absence of any such manual
interference by the user, however, the model should treat all process times
equally.

The second category consists of model features that are required to guarantee
the numerical feasibility of the model, in particular in regard to simulation,
pricing, and calibration.

2The risk-neutral measure is chosen because its associated numeraire (the dollar) exists for
all times and does not single out any specific process time; in contrast, T -forward measures
do not have this feature, as their numeraires (the maturity-T bonds) single out the process
time t = T at which they cease to exist. To see why one has to decide for a specific measure in
the first place, note that when changing to a di!erent numeraire whose dollar value depends
on t, the new drift will generally depend on t as well.

3In this way, when a state x is observed at two di!erent times t1 and t2, it indeed represents
the same view on the respective future.
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↭ Explicit bond prices: The model should allow for direct computation of
all bond prices B$,T (x, t) from the current state x and process time t via a
simple analytic formula. Otherwise the calculation of the prices of derivatives
such as swaptions (which requires the repeated computation of bond prices)
would become expensive, and so the calibration to these instruments (which
in turn requires the repeated computation of their prices) would become
unattainable in practice.

↭ Low-dimensionality: The dimension of the model’s state space should be
small enough to allow for tractable numerics (including backwards induc-
tion), but at the same time large enough to allow for realistic yield curve
dynamics and robust calibration (see also the item dynamical flexibility be-
low). Our own implementation of the ACE model uses the dimension n = 4.

Finally, the properties in the third category address the viability of achiev-
ing robust global calibration, both in theory and in practice. Aside from stan-
dard bonds, the model should be able to calibrate to the most liquid interest
rate-related derivatives, including caps, floors,4 and swaptions5 of all strikes,
expirations, and maturities. Note that since good calibration requires both re-
alistic model behavior and workable numerics, there is some inevitable degree
of overlap with the preceding categories.

↭ Parametric freedom: The model should provide su!cient parametric free-
dom to allow for e!cient calibration to market prices. In particular, global
calibration to the entire spectrum of caps, floors, and swaptions requires
at least one functional model parameter (i.e., one that depends on both the
state variable x and the process time t). In the ACE model, we will allow the
noise coe!cient function ω(x, t) in the underlying SDE to be chosen freely
(up to some technical conditions).

↭ Dynamical flexibility: The range of dynamical behavior that the model
can exhibit under its various valid parameter settings should be wide enough
to allow the model to mimic any conceivable real-world market behavior
with adequate precision under an appropriate choice of parameter values.
Otherwise it may not be possible to calibrate the model to any plausible
constellation of market-observed instrument prices even if the sheer number
of available model parameters is large.

↭ Unspanned volatility: To actually find the optimal parameter set in prac-
tice, it is advantageous if at least some of the model’s time-dependent pa-
rameters are unspanned [5, 6, 7, 8], i.e., if the model’s bond price formula

4A cap (floor) is a derivative in which the buyer receives payments at the end of each
period in which the interest rate exceeds (lies below) the agreed strike value [2].

5A swaption is an option granting its owner the right but not the obligation to enter into
an underlying swap [3]. A swap is a derivative in which two counterparties exchange cash
flows of one party’s financial instrument (e.g., interest rate payments) for those of the other
party’s financial instrument [4].
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happens to not depend on them.6 The benefits of this technical condition
are twofold:

(i) It allows the user to first calibrate all other parameters to match the
discount curve, and then in a second step to calibrate the unspanned
parameters to match also the prices of all remaining calibration instru-
ments, without destroying the bond price calibration of the first step.

(ii) It allows the user to calibrate the unspanned parameters by bootstrap-
ping by expiration (as opposed to maturity), which provides more lever-
age, thus generally resulting in a more e”ective and robust calibration,
and in more realistic model behavior. See Section 1.2 for more details
on this argument.

We will design the ACE model so that the noise coe!cient function ω(x, t)
of its SDE is unspanned (i.e., that it does not enter the model’s bond price
formula).

This concludes our list of desired model features. The ACE (“Adaptive
Curve Evolution”)7 model presented in this book is the first interest rate model
that fully satisfies all of these requirements, thus positioning itself well within
the ranks of the currently available models.

1.2 Bootstrapping by Expiration

The second argument above for adding unspanned volatility to our list of desired
model features requires some explanations. Suppose that a time-dependent
model parameter, say, ς(t), is unspanned, i.e., that the function B$,T (x, t) for
computing the dollar value of the maturity-T zero-coupon bond from the state x
and the process time t does not depend on ς.

Let (Xt)t→0 denote the stochastic process representing the state evolution,
and suppose that for any given state x observed at a process time t we can
compute the short rate via some function r(x, t). Then the price at time t of
a European call option on a maturity-T zero-coupon bond, with strike K > 0
and expiration S (where t ∞ S < T ), is given by

CS,T,K(x, t) = E
[
exp

(
↘
∫
S

t
r(Xs, s) ds

)(
B$,T (XS , S)↘K

)+ ∣∣Xt = x
]
, (1.1)

where the expected value is taken under the risk-neutral measure.8 Now observe
the following:

6Of course, models also need to have non-unspanned parameters, since otherwise they
cannot be calibrated to the discount curve.

7The name of the ACE model was chosen to express that it models the stochastic evolution
of the yield (or equivalently, the instantaneous forward rate) curve in a way that provides
enough parametric freedom, dynamic flexibility, and (as a result of being unspanned) numeric
means to allow us to adapt it to (i.e., to have it reproduce) the market prices of the wide
array of liquid interest rate-related calibration instruments.

8The arguments to follow will equally apply to more commonly traded instruments like
swaptions; we are choosing a bond option as our example merely for simplicity of notation.
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Given that Xt = x, both the exponential discount factor and the random
variable XS in (1.1) only depend on those function values of ς on the time
interval [t, S].

Given the state XS , the bond price B$,T (XS , S) can depend only on those
values of ς on [S, T ] (see also (1.3) below).

As a result, CS,T,K(x, t) can generally only depend on those values of ς on [t, T ];
however, if ς is unspanned (i.e., if B$,T happens to not depend on ς) then
CS,T,K(x, t) in fact only depends on those values of ς on [t, S]. More generally,
this statement can analogously be seen to hold in fact for any other (European,
American, or Bermudan) option whose payo” only depends on the discount
curve up to some time T > S, which we call the maturity of the option.

This observation has consequences on the possible strategies that one can
choose to calibrate the parameter function ς(t). For the calibration of time-
dependent parameters one usually utilizes the technique of bootstrapping by
maturity. In this technique one divides the time line into disjoint consecutive
intervals, [0,⇔) = [0, t1] ∈ (t1, t2] ∈ . . . , and one calibrates the function values
of ς one interval at a time, by successively attempting to match the prices of
only those calibration instruments whose maturities lie within the interval at
hand. This procedure works since (as we saw above) option prices can only
depend on the values of ς up to the time of their maturity, so that each step
leaves the (already calibrated) prices of the calibration instruments from all
preceding steps untouched. By the same argument, if ς is unspanned then one
can—and in fact must—bootstrap by expiration instead, since in that case (as
we saw above) option prices can only depend on the values of ς up to the time S
of their expiration.

Now why would one prefer bootstrapping by expiration over bootstrapping
by maturity? Option prices are generally found to be more a”ected by changes
to the process behavior near the expiration time S than near the maturity T ,
because changes to earlier stages of the process a”ect its entire future path.
Since bootstrapping by expiration allows us to change ς near the expirations of
the currently targeted calibration instruments, under this technique any desired
price corrections can be achieved with smaller changes to ς. This increased
leverage has two advantages:

(i) The calibrated values of ς will exhibit less fluctuations as a function of
the process time t (leading to more realistic model behavior).

(ii) The calibration will be more stable, i.e., ς is less a”ected by day-to-day
changes of the market-observed prices of the calibration instruments.

Summary. Unspanned time-dependent parameters (i.e., model parameters
that the bond price function B$,T (x, t) does not depend on) can be calibrated
by bootstrapping by expiration, which provides more leverage, and which there-
fore generally results in more realistic model behavior and in a more robust
calibration.
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1.3 Common Modeling Approaches

Let us now discuss the most common approaches to interest rate modeling and
highlight their advantages and shortcomings. Please refer to standard textbooks
such as [9, 10, 11, 12, 13] for details.

1.3.1 Short Rate Models

In the short rate modeling approach one describes the evolution of the short
(i.e., instantaneous spot) rate rt under the risk-neutral measure, in the form of
an SDE

dXt = µ(Xt, t) dt+ ω(Xt, t) dWt (1.2)

for a process (Xt)t→0 in Rn from which the short rate rt = r(Xt, t) can be com-
puted via some given function r(x, t). Here (Wt)t→0 is a (possibly multidimen-
sional) Brownian motion. A standard example is the Hull–White framework,
which includes the Hull–White (HW) model [14], the Cox–Ingersoll–Ross (CIR)
model [15], the Black–Derman–Toy (BDT) model [16], and its extension, the
Black–Karasinski (BK) model [17].

The most significant problem with this approach is that in general the price
of the maturity-T zero-coupon bond at time t,

B$,T (x, t) = E
[
exp

(
↘
∫
T

t
r(Xs, s) ds

) ∣∣Xt = x
]
, (1.3)

cannot be computed analytically, thus requiring the use of either Monte Carlo
techniques or of a PDE solver. As a result, calibration and—except in very low
dimensions—even pricing becomes computationally unattainable. However, re-
sorting to such low-dimensional cases is not a viable solution, either: One-factor
short rate models imply a 100% or ↘100% instantaneous correlation between
the prices of any two instruments9 (and similarly, between the forward rates of
di”erent maturities), which is inconsistent with what is observed in the market.
In fact, principle component analyses suggest that in fact at least four factors
are necessary to achieve realistic model behavior [18, 19]. Furthermore, in gen-
eral the bond price formula (1.3) depends on all the model parameters that
enter the process (Xt)t→0 on the time interval [t, T ], and so the model is not
unspanned, further contributing to the calibration di!culties.

Noteworthy exceptions of solvable models are given by the class of a! ne
models [20, 21], which by definition are those models for which log(B$,T (x, t))
is a!ne in x, and which include the HW and the CIR model and some multi-
factor generalizations thereof. Every short rate model for which r and all com-
ponents of µ and ωωT are a!ne in x belongs to this class, and in fact for time-
homogeneous models the reverse is true under some technical non-degeneracy

9Indeed, given a one-dimensional process (Xt )t ! 0 following the SDE (1.2) and two instru-
ments with prices P1(Xt , t) and P2(Xt , t), by Itô’s Lemma the infinitesimal price changes
are dPi = (! t + µ! x + 1

2 " 2! 2
x )Pi dt + "! x Pi dWt for i = 1, 2, so that cov(dPi , dPj ) =

" 2 á(! x Pi )(! x Pj ) dt and thus corr(dP1, dP2) = sign
!
(! x P1)(! x P2)

"
! { " 1, 0, 1} , with the

value 0 being taken only in degenerate situations.
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condition [20]. While those a!ne models with x-independent volatility have
short rates that are Gaussian and therefore not bounded below, those with
x-dependent volatility successfully address this problem (albeit with ω(x, t) ar-
guably declining too rapidly near states attaining the minimum rate, namely
like

√
r(x, t)↘ rmin). Either way, the biggest problem shared by a!ne models

is that they do not provide su!cient parametric freedom to achieve global cal-
ibration, since (as a result of the specific prescribed x-dependency of all their
ingredients) their functional parameters can only depend on t but not on x.

1.3.2 The HJM Framework

In the continuum (complete) market model approach, also known as the Heath–
Jarrow–Morton (HJM) framework [22], the state f of the system is the full
instantaneous forward rate curve, i.e., the function f : [t,⇔) ∋ R from which the
prices of the maturity-T zero-coupon bonds can be computed via the formula

B$,T (f , t) = exp
(
↘
∫
T

t
f(s) ds

)
. (1.4)

The stochastic evolution (ft)t→0 under this model is described by way of an SDE
system of the form

dft(s) = µt(s) dt+ ↔ωt(s), dWt↗, (1.5)

where (Wt)t→0 is a possibly multidimensional Brownian motion, where
(ωt(s))t↗[0,s], for ↑s ↓ 0, is a stochastic process of the same dimension, and
where the drift must be defined as

µt(s) :=
〈
ωt(s),

∫
s

t
ωt(u) du

〉
(1.6)

in order to ensure the consistency of the model.
This framework has many advantages: The generality of its model dynamics

is essentially limitless. Calibrating the model to the discount curve is as simple
as choosing the corresponding forward rate curve as the initial state f0. Time
homogeneity is achieved by having the dynamics of (ωt(s))t↗[0,s] depend on s
and t only via their di”erence s↘t. Furthermore, while any deterministic choice
of this noise process will cause the rates ft(s) to be Gaussian and therefore neg-
ative with non-vanishing probability, negative rates can be avoided by making
ωt depend on ft (i.e., ωt(s) = ω(ft, t; s)), in such a way that ωt(s) = 0 whenever
ft(s) = 0. Finally, since the bond price formula (1.4) does not depend on any
model parameters, the model is fully unspanned.

The problem with this approach is that the state space is infinite dimen-
sional, and so as is it is nothing more than a theoretical construct. In gen-
eral, any direct numerical implementation will require the discretization of the
state f , which will inevitably compromise some of the model’s valuable ana-
lytical properties, namely consistency and controllable time homogeneity. Fur-
thermore, while in a discretized version of the model bond prices can still be
computed comparably quickly using (1.4), accurately pricing more complicated
instruments in such a high-dimensional space (and calibrating based on them)
becomes computationally near impossible.



8 CHAPTER 1. INTRODUCTION

1.3.3 The BGM Model

The Brace–Ga̧tarek–Musiela (BGM) model [23], also known as the LIBOR mar-
ket model (LMM) or the lognormal forward-LIBOR model (LFM), avoids the
numerical problems of the HJM framework by making a tradeo” between nu-
merical feasibility and completeness: It restricts the scope of the model to only
a finite set of maturities T1, . . . , Tm, i.e., the model is agnostic to all other ma-
turities, and its declared goal is to price only those instruments that exclusively
depend on this selection of maturities. More precisely, it provides a closed

system of SDEs for the forward rates L(t;Ti, Ti+1) := 1
Ti+1↓Ti

∫
Ti+1

Ti
ft(s) ds,

i = 1, . . . ,m ↘ 1, in [23] originally derived from the HJM framework with a
smart choice of ωt, but now commonly presented based on the observation
that for each i the process (L(t;Ti, Ti+1))t↗[0,Ti] is a martingale under the
Ti+1-forward measure [9, Chapter 6].

Unfortunately, settling for a moderate number of maturities to make the nu-
merics feasible, one is often left with gaps of one or more months between suc-
cessive properly modeled maturities, and in practice bond prices with other ma-
turities are usually defined via interpolation, thus sacrificing consistency. This
problem becomes particularly apparent when pricing spread options10 (since
interpolation methods lead to unrealistic deterministic relations between the
spreads within the same interpolation interval), or swaptions with non-standard
coupon schedules. In a sense, the model cannot even consistently price the dollar
(i.e., the value of the bond maturing now) at every given process time.

Further shortcomings of the BGM model are that it violates time homogene-
ity (since it singles out specific maturities), and that the approach is inconsistent
also in the sense that removing one of the modeled maturities will generally af-
fect the evolution of the remaining ones.

1.3.4 The Cheyette or Ritchken–Sankarasubramanian Ap-
proach

Cheyette [25, 26, 27, 28] and independently Ritchken and Sankarasubramanian
[29] discovered a class of volatility processes (ωt(s))t↗[0,s] for which one can
reduce the HJM model (1.5)–(1.6) to finite dimensions without any loss of in-
formation. They found that if ωt = (ω1

t
, . . . ,ωn

t
) is of the form

ωk

t
(s) =

Nk∑

i=1

φk,i(t) exp

(
↘
∫

s

t

εk,i(u) du


for ↑k = 1, . . . , n, (1.7)

where n is the dimension of the Brownian motion in (1.5), then the forward rate
process (ft)t→0 recombines, i.e., it is confined to a finite-dimensional function
space at each time t.11 A process of this class can therefore be reduced to the
finite-dimensional Markov process (Xt)t→0 that tracks the coe!cients Xt of the

10A spread option is a type of option where the payo! is based on the di!erence in price
between two underlying assets [24], for example between two bonds with di!erent maturities.

11This subspace may be di!erent for each process time t.
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state ft w.r.t. a suitable basis of that function space. In practice, this means that
one can simply consider the SDE for the process (Xt)t→0 and recover the full
forward rate curve ft (and thus all the bond prices) from the current state Xt

via some analytical formula. In particular, there are functions B$,T (x, t) and
r(x, t) with which one can compute the bond prices and the short rate from Xt,
i.e., one can write any model of this class in the form of a short rate model with
an explicitly available formula for the expected value in (1.3).

Furthermore, as it turns out, the basis can be chosen independently of the
choice of the φk,i, which implies that the bond price formula is independent of
the φk,i as well. Since the φk,i end up taking the role of the volatilities of the
various components of the resulting SDE for (Xt)t→0, this means that all models
obtained with this approach will have unspanned volatility. See Appendix A.1
for a simple example that demonstrates this technique.

This powerful recipe gives rise to a wide array of models. Among them
are the Linear Gauss Markov (LGM) models, which are those models obtained
by choosing the φk,i as deterministic functions; in particular, for one source of
noise (i.e., n = 1) the choice ωt(s) := φ(t) · e↓ε(s↓t) recovers the Hull–White
model in a two-dimensional disguise12 (see Appendix A.1). While the forward
rate processes of LGM models are Gaussian (hence the name) and therefore
not bounded below, properly making the φk,i stochastic by having them depend
also on the current state Xt can address this issue. As an added benefit, doing
so also gives us the state-dependent unspanned functional parameters φk,i(x, t)
that we need to achieve global calibration.

Among the various approaches discussed here, the Cheyette model class
comes the closest to satisfying all of our desired properties to full satisfaction;
it just has one unfortunate shortcoming, namely that it introduces extra di-
mensions to its state space. More precisely, its state process (Xt)t→0 is of the
dimension 1

2


n

i=1 Nk(Nk+3) ↓ 2n, i.e., it is at least twice the number of Brow-
nian motions that are driving the process; the minimum 2n is only achieved in
the simple case N1 = · · · = Nn = 1, and adding terms to the sum in (1.7)
increases this dimension quadratically.13 In practice, this limits the number of
noise sources that one can use before running into numerical problems, and thus
the framework’s dynamical flexibility; in particular, backwards induction (which
is only practical in dimensions no higher than four) becomes only feasible for at
most two sources of noise.

1.3.5 The Hagan–Woodward Framework

Hagan and Woodward [30] chose a di”erent approach: Rather than trying to
reduce the HJM dynamics (1.5)–(1.6) to finite dimensions, they started from

12Note that in its standard one-dimensional formulation, the Hull–White model is not un-
spanned; however, as we demonstrate in our calculation in Appendix A.1, one can make
it unspanned, by introducing a second (deterministic) state variable that includes all the
#-dependencies of the model’s bond price function.

13While for deterministic #k,i this dimension can be reduced, this comes at the cost of losing
not only the short rate lower bound, but also the unspannedness of the model.
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scratch and developed what can be considered a finite-dimensional analogue of
the HJM framework: Beginning with a general finite-dimensional state process
(Xt)t→0 and a function that maps these states to the value of a (not further speci-
fied) numeraire, they found conditions under which their framework is consistent
in that it can reproduce any given initial forward rate curve. Their framework
then provides a bond price function and can therefore be written in the form of
a short rate model.

Unfortunately, the consistency condition of this approach is not as explicit as
the condition (1.6) of the HJM framework, since it requires the evaluation of a
certain expected value, which then also enters the bond price and the short rate
function. In practice, this means that it does not provide much improvement
over our original hurdle of having to evaluate (1.3), so that it again restricts
any e”orts of creating new analytically tractable models to only simple SDEs
and/or numeraire functions. As a result, while the approach does give rise
to what in [30] is called the class of ↼–φ models, which contains the Hull–
White and the CIR model, these models are all one-dimensional and have a not
generally solvable integral in their bond price functions, and the construction of
any more complex higher-dimensional models seems to be out of reach. Further
problems with this approach are that the models obtained from it are generally
not unspanned, and that it is generally not obvious under which conditions the
model is time homogeneous or restricted to positive rates.

While the Hagan–Woodward framework could not match the practical im-
pact of the other model classes laid out above, it does deserve its spot on our
list because of its noteworthy starting point, which in some sense is similar to
the one that we use in our construction of the ACE model in Chapter 5.

1.3.6 Summary: Model Feature Comparison

Table 1.1 provides an overview over the features and shortcomings of the various
approaches and specific models discussed above. It uses the following symbols:

↭↭ The property is fulfilled to full satisfaction.

↭ The property can easily be fulfilled if desired, by making certain
modeling or parameter choices.

(↭↭/↭) The property is / can be fulfilled, but only with compromises to
either this or to other properties.

!! The property is not fulfilled.

! The property is not fulfilled in general, and it is a non-trivial task
to find special cases for which it is fulfilled.

In the parametric freedom column we award a ↭ or ↭↭ mark only if the
given approach provides a state-dependent functional parameter. The dynamic
flexibility feature is not as black-and-white as the others and clearly leaves room
for discussion; here our personal judgment tries to take into account the given
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short rate ↭↭ ↭↭ ↭ ↭ ! ↭ ↭ ↭ !
a!ne ↭↭ ↭↭ ↭ ↭ ↭↭ ↭ !! (↭) !!
HW (1D) ↭↭ ↭↭ !! ↭ ↭↭ ↭↭ !! !! !!
CIR ↭↭ ↭↭ ↭↭ ↭ ↭↭ ↭↭ !! !! !!

HJM ↭↭ ↭↭ ↭ ↭ ↭↭ !! ↭ ↭ ↭↭
discretized ↭↭ (↭↭) ↭ (↭) ↭↭ !! ↭ ↭ ↭↭

BGM !! ↭↭ ↭↭ !! ↭↭ ((↭)) ↭↭ ↭↭ ↭↭
interpolated ↭↭ !! ↭↭ !! ↭↭ ((↭)) ↭↭ ↭↭ ↭↭

Cheyette ↭↭ ↭↭ ↭ ↭ ↭↭ (↭) ↭ ↭ ↭↭
LGM ↭↭ ↭↭ !! ↭ ↭↭ (↭) !! !! ↭↭
HW (2D) ↭↭ ↭↭ !! ↭ ↭↭ ↭ !! !! ↭↭

Hagan ↭↭ ↭↭ ! ! ! ↭ ↭ ↭ !
↼–φ ↭↭ ↭↭ ↭ ↭ (↭↭) ↭↭ !! !! !!

ACE ↭↭ ↭↭ ↭↭ ↭ ↭↭ ↭↭ ↭↭ ↭↭ ↭↭

Table 1.1: A comparison of the features and shortcomings of the various ap-
proaches to interest rate modeling, and of some specific examples discussed in
Sections 1.3.1–1.3.5.

model’s dimension, its parametric freedom, its ability to bound rates below, and
generally the functional form of its dynamics.

As summarized in the first rows of Table 1.1, short rate models are finite
dimensional, but in general they do not provide simple analytic bond price func-
tions; all the currently known exceptions that were constructed by solving (1.3)
o”er only limited parametric freedom and dynamic flexibility, with some models
allowing for negative rates. Furthermore, the parameters of short rate models
are generally not unspanned, which makes global calibration computationally
unattainable.

The HJM framework has all of our desired properties, except that its state
space is infinite dimensional, and so as is it is no more than a theoretical con-
struct. Brute-force discretization of the state f compromises consistency and
time homogeneity, while still leaving the state space dimension too high for
practical purposes. Two successful techniques of analytically reducing the HJM
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framework to finite dimensions by considering noise functions of a specific form
are the BGM model and the Cheyette (or Ritchken–Sankarasubramanian) ap-
proach.

The BGM model focusses on only finitely many maturities (i.e., it is in-
complete, and as a consequence also time inhomogeneous), and recovering the
remaining tenors via interpolation makes the model inconsistent. Either way,
the dimension of the model is still too high (one per modeled maturity), leav-
ing us with substantial numerical di!culties and unable to price via backwards
induction.

The Cheyette model class comes the closest to satisfying all of our desired
properties. Unfortunately, for merely analytical reasons these models’ state
space dimensions are at least twice as high as the number of Brownian motions
driving them; in practice, this limits the number of noise sources that one can use
before running into numerical problems (in particular with backwards induction)
to no more than two. The LGM model subclass (which includes an unspanned
two-dimensional model equivalent to the standard one-dimensional Hull–White
model) does not take full advantage of the possibilities of the Cheyette approach,
with limited parametric freedom and with its rates not bounded below.

Finally, the Hagan–Woodward framework requires the evaluation of an ex-
pected value to check its consistency condition; as a result, it generally does not
provide an explicit bond price formula (with the partially solvable ↼–φ models
being only of limited use since they are one-dimensional). Furthermore, models
in this framework are generally not unspanned, and it is not obvious how to
bound rates below and how to achieve time homogeneity.

The ACE model presented in this book has all of our desired model features:
It is complete and fully consistent, with an explicit analytic formula to compute
the bond prices for all maturities. Its state space dimension coincides with
the number of Brownian motions driving it, and it can be chosen to be any
value n → N \ {2}. Its model dynamics is highly flexible, with its parameter
space providing 2n + 1 degrees of freedom in addition to the freely choosable
and unspanned functional volatility parameter ω(x, t). Finally, its rates can be
bounded below by any desired value, and it can be made time homogeneous if
desired (by choosing ω independent of t).

1.4 Desired Features – Multi-Currency Models

New in this second edition of the book is the added Chapter 3, which introduces
the multi-currency generalization of the ACE model. As for the single-currency
case discussed in Section 1.1, let us now compile a list of the most desirable
features of such a multi-currency interest rate model. We start by augmenting
the model’s original prime objective.

↭ Completeness (multi-currency): Given a collection C of currencies in
scope (e.g., C := {$,AC,£}), the model should allow for the valuation of the
set of zero-coupon bonds for all currencies c → C and all future maturities,
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for the computation of the spot and forward exchange rates for each pair of
currencies c1, c2 → C, and for the valuation of all derived single- and cross-
currency products.

Next, let us clarify what we consider a well-designed multi-currency exten-
sion of a given single-currency interest rate model.

↭ Extension of the given single-currency model: Projecting the multi-
currency model down to any one of the currencies in scope should yield the
short rate process of the given single-currency model again (for a certain
currency-specific parameter choice).

↭ Model symmetry: All currencies should play equivalent roles in the multi-
currency model (aside from their individual parameter settings), with no
currency being treated fundamentally di”erently from the others.

Finally, let us review the desired properties that we had already compiled
in Section 1.1 for the single-currency model. While some remain unchanged,
others need to be augmented or require some additional commentary.

↭ Consistency: The core requirement is unchanged, i.e., the model should
still be consistent in the sense that the prices it produces are arbitrage free;
in particular, bond price processes for all maturities and currencies should
still be martingales under the measures associated to the chosen numeraire.

However, satisfying this requirement is now more involved, for two reasons:
First, these numeraires are now specified by a pair consisting of a maturity
and a currency, i.e., each currency has its own set of T -forward measures.
Second, as we will see in Section 3.3, the introduction of the various additional
quantities necessary to define a multi-currency model (i.e., the short rate and
exchange rate functions for the various currencies) gives rise to further subtle
pitfalls that, unless certain relations between these quantities are fulfilled, can
make the model inconsistent.

↭ Positivity of interest rates: We now require the positivity of the interest
rates of all currencies. As before, given any model with this property, it is
then trivial to modify it in such a way that it imposes any given set of lower
rate bounds for the various currencies instead.

↭ Tractable time homogeneity: Unchanged.

↭ Explicit bond prices: Since now the model has to handle a complete set of
bonds for each currency, and since asset prices can now be expressed in terms
of each of these currencies, we now need to ask that the model provide simple
analytic formulas for the direct computation of all bond prices Bc1

c2,T
(x, t) (for

c1, c2 → C and T ↓ t), i.e., of the value, measured in units of c2, of the bond
that at time T pays out 1 unit of c1.
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Note that clearly it su!ces to focus on any numeraire of choice, as long as the
model provides spot exchange rate functions ac1/c2(x, t) for each pair of cur-
rencies c1, c2 → C. Furthermore, by using a simple no-arbitrage argument14

one can then also obtain formulas for the forward exchange rates ac1/c2
T

(x, t)
for ↑T ↓ t.

↭ Low-dimensionality: Unchanged. To retain numerical feasibility, one can-
not allow the multi-currency extension to increase the state space dimension.
We will achieve this by defining functions rc(x) and ac1/c2(x, t) for comput-
ing the various interest and exchange rates from the state process (Xt)t→0,
which will be the same for the single- and the multi-currency case.

↭ Parametric freedom: Unchanged. We still only require one functional
parameter, which in our model will be the noise coe!cient function ω(x, t)
of the SDE driving the state process (Xt)t→0.

↭ Dynamic flexibility: Unchanged.

↭ Unspanned volatility: We now require that all of the model’s bond price
formulas for the various currencies in scope, as well as the spot and for-
ward exchange rate functions for all currency pairs, are independent of the
functional parameter ω(x, t).15

This will again allow the user to calibrate the model in two steps, first ad-
justing only the non-unspanned parameters to have it replicate the various
spot exchange rates and the discount curves of the various currencies, and
then finding the optimal choice for ω(x, t) by bootstrapping by expiration in
order to match the prices of all rate and currency options, which will again
increase leverage and stability of the calibration.

The multi-currency ACE model is satisfying all of these requirements com-
pletely: It is a fully symmetric extension of the single-currency ACE model
that has properly addressed all the potential consistency pitfalls, it produces
only positive rates, it is time-homogeneous if desired, and it provides explicit
formulas for all bond prices and spot and forward exchange rates. It works in
any dimension n ↓ 3, with no technical need to increase the dimension when
further currencies are added, it provides ample parametric freedom (as it pro-
vides (n ↘ 1) + |C| · (n + 2) discrete parameters in addition to the functional
parameter ω(x, t)), and it has flexible dynamics. Finally, it has unspanned
volatility since all its bond price and spot and forward exchange rate formulas
are independent of ω.

Since the single-currency ACE model has already been the first to have all
of the desired model features listed in Section 1.1, clearly its multi-currency
extension is the first to have all of the features listed here in Section 1.4.

14The reader can find a detailed explanation in the proof of (3.76a) in Lemma 3.12 (iii).
15The focus here is really on the set of bond price formulas only: In practice, the spot

exchange rate functions will be a part of the model’s definition (so that there is no reason
why it would depend on " ), and the " -independence of the forward exchange rates is then a
direct consequence of the " -independence of the bond prices and the general formula (3.76a).



1.5. THE STRUCTURE OF THIS BOOK 15

1.5 The Structure of This Book

This book is organized as follows: Part I, which stands on its own, contains a fast
track to the ACE model, with Chapter 2 first introducing the single-currency
model and then Chapter 3 extending it to multiple currencies. Bypassing its
derivation, this part presents the model in the form of a short rate model,
illuminates some of its properties, and provides straightforward independent
proofs for its bond price, forward rate, and forward exchange rate formulas.
The reader who merely wishes to understand the ACE model well enough to
use it in practice, and who may have only limited time, mathematical skills, or
simply interest in the model’s origins, may then decide to not read any further.

Part II contains two independent derivations of the ACE model, i.e., of its
dynamics and of its bond price, forward rate, and (spot and forward) exchange
rate formulas. First, in Chapter 4 we present a comparably short and non-
abstract derivation of both the single- and the multi-currency model, which
was devised only after the model equations had already been found with the
original, much longer and more abstract derivation presented in Chapters 5–9.
See Section 4.3 for a discussion of how this approach relates to the original model
derivation, and why that original derivation still has more than just historical
value.

The original derivation in Chapters 5–9 is structured as follows: In Chapter 5
we develop a general mathematical framework for interest rate modeling that
translates all of our desired model features into concise mathematical properties
that our model needs to fulfill, carefully written in a form that facilitates our
work in the subsequent chapters. In Chapter 6 we then lay out our road map
towards the development of a model that indeed has all these properties, in
Chapter 7 we actually carry out these steps with a manifold other than Rn as
our state space, and finally in Chapter 8 we translate the obtained model into
the Rn-based form presented earlier in Part I. Finally, in our conclusions in
Chapter 9 we look back and outline the various steps of our construction, and
we point out some modeling decisions that we had made along the way that
may have restricted the generality of our model.

The original derivation of the Rn-based multi-currency extension of the
model presented in Chapter 3, which was constructed by extending the interest
rate modeling framework in Part II, has not been included in this book. It may
be added in a future edition.

1.6 Model History

The ACE model in its original form, along with most of the core techniques
presented in this book, was first developed by Gregory Pelts in 2011–2012 [1, 31],
and a fully working implementation (including the calibration and pricing logic)
was completed by 2013. I began studying his work in late 2013, and over the
following months we prepared a series of six firm-internal lectures about his
paper.
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Realizing the need for a much more comprehensive description of the model
that could reach a wider audience, in late 2014 I then started my own write-up,
which by May of 2018 had eventually matured into the first edition of the present
book, and which focused only on the single-currency case. After some time of
rest, between September 2019 and March 2020 I added Chapter 3, which extends
the ACE model to multiple currencies. Finally, in October 2024 I decided to add
the shorter and less abstract model derivation in the newly inserted Chapter 4.

The main contributions of this book are the following:

the development of the specific fully Rn-based description of the model
presented in Part I, with independent Rn-based proofs of the bond price
and evolution map formulas,

a more rigorous treatment of the parameter constraints that are necessary
to guarantee positive rates, in particular of the required boundary behavior
of the functional noise parameter ω(x, t),

the one-dimensional ACE model,

the multi-currency ACE model,

the formulation of the general mathematical framework underlying the
ACE model’s original model derivation (based on Gregory Pelts’ original
ideas),

introductions to the various non-standard mathematical techniques used
during the model’s original derivation, to make the book more accessible
to the general reader,

detailed proofs of all non-obvious claims made during the original model
derivation, and

an independent, much shorter shorter and less abstract, purely Rn-based
model derivation.

1.7 Credits

I wish to thank Gregory Pelts for our many discussions that helped me get a
better understanding of his original paper [1]. I am also grateful to Huan Yang
for his invaluable help in addressing some compliance concerns; without his
e”orts, I may never have been able to release this book to the public. Finally,
I would like to thank Arlie Petters, Amir Aazami, and Jonathan Mattingly
for their advice on some logistical questions that arose during the publication
process.
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In Part I of this book, “A Fast Track To ACE,” we will summarize the
key equations of our Rn-based parametrization of the ACE model, and we will
present short proofs for its bond price, forward rate, and forward exchange rate
formulas. This part will aim to serve as a comparably simple window into the
practical aspects of the model: While it will provide enough information to
implement the model in practice, and while its proofs will give the reader the
comfort of knowing that our formulas are indeed correct, much of the model’s
origins will remain in the dark here. In particular, our choices of the second-
order terms in the SDE’s drift, and later on of the exchange rate function and
the reparametrization mappings used in the multi-currency model, will appear
as ingenious guesses; furthermore, many proofs (in particular, the proofs of the
bond price formula and of the multi-currency model’s consistency) will appear
to work as if by pure delightful magic, with no indication of how the model’s
core formulas have been obtained in the first place.

True understanding of the model’s inner workings—along with the chance of
potentially improving upon it in the future—can only be obtained by putting in
the work and studying also the model’s original construction laid out in Part II,
in its numeraire-free (i.e., section-based) formulation, and with a non-trivial
manifold as its state space.

We begin Part I by focusing on the single-currency case in Chapter 2; later in
Chapter 3 we will extend the model so that it can handle the interest rates and
bond prices of multiple currencies, along with the currencies’ spot and forward
exchange rates.
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Chapter 2

The Single-Currency ACE
Model

2.1 Model Description

2.1.1 Model Parameters, State Space

Our Rn-based description of the general n-dimensional ACE model presented
in the following is valid for all dimensions

n ↓ 3. (2.1)

As a result of the division by n↘ 2 in the drift vector field µ(x) in (2.11) below,
no two-dimensional ACE model exists, while the one-dimensional ACE model
does exist but requires some special treatment, as laid out in detail later in
Section 2.9.

The model has the following parameters: the long-term rate

r↑ > 0, (2.2)

the weight vector v → Rn with
≃v≃ = 1, (2.3)

the oscillation frequency matrix E → Rn⇒n, which we assume to be antisym-
metric, i.e.,

ET = ↘E, (2.4)

the reversion speed
ε > 0, (2.5)

the initial state
x0 → M0 (2.6)

in our state space
M0 :=


x → Rn

∣∣ ↔v,x↗ > ↘r↑

, (2.7)

21
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and the continuous noise function

ω : M0 ↙ [0,⇔) ∋ (0,⇔), (2.8)

which we assume to satisfy the conditions stated in Lemma 2.4, namely that
ω has some specific additional regularity, that ω does not grow too fast as
x ∋ ⇔, and that it vanishes fast enough as x approaches the boundary ↽M0.

In addition to the above, the parameters r↑, v, E, and ε are subject to the
constraints

ϑ := r↑ε↘ 1
n↓2r

2
↑ ↘ n↓2

4 ≃Ev≃2 ↓ 0, and (2.9a)

if ϑ = 0 then ε < 2
n↓2r↑ . (2.9b)

As we will learn later in Lemma 2.3 and the discussion following it, ϑ takes on
the role of the market resiliency, i.e., the guaranteed amount of force with which
the system is pushed back into the positive-rate regime when it approaches a
state with a vanishing short rate.

2.1.2 Evolution Equation, Short Rate Function

Given any such set of parameters r↑, v, E, ε, x0, and ω(x, t), the ACE model
is driven by the n-dimensional process (Xt)t→0 satisfying the SDE

dXt = µ(Xt) dt+ ω(Xt, t) dWt , Xt=0 = x0 , (2.10)

where (Wt)t→0 is an n-dimensional Brownian motion, and where the drift
µ : Rn ∋ Rn is defined as

µ(x) := (↘εI + E)x+ 1
n↓2≃x≃

2v ↘ 2
n↓2 ↔v,x↗x. (2.11)

As we will see later in Lemma 2.3, the constraints on our parameters guarantee
that the drift points inwards near the boundary of M0, and our conditions
imposed on ω in Lemma 2.4 then su!ce to ensure that the SDE (2.10) has a
unique strong solution (Xt)t→0 that is confined to M0 almost surely.

Finally, we define the short rate function r : Rn ∋ R as

r(x) := r↑ + ↔v,x↗. (2.12)

This completes our definition of the ACE model.

2.2 Orthogonal and Antisymmetric Matrices

To prepare for our discussions and calculations to follow, let us briefly review
some basic facts about orthogonal and antisymmetric matrices.

Lemma 2.1 (Orthogonal matrices). Given a matrix A → Rn⇒n, the following
three statements are equivalent:
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(i) A is orthogonal, i.e., it is invertible and fulfills A↓1 = AT .

(ii) ↑x,y → Rn : ↔Ax, Ay↗ = ↔x,y↗
(iii) ↑x → Rn : ≃Ax≃ = ≃x≃

Proof. (i)△ (ii): A is orthogonal according to our definition in (i) if and only
if ATA ↘ I = 0, which in turn holds if and only if for ↑x,y → Rn we have
0 = ↔x, (ATA↘ I)y↗ = ↔x, ATAy↗ ↘ ↔x,y↗ = ↔Ax, Ay↗ ↘ ↔x,y↗.
(ii)△ (iii): If (ii) holds then (iii) follows by setting x = y and taking the
square root. Conversely, if (iii) holds then for ↑x,y → Rn we have ↔Ax, Ay↗ =
1
2

(
≃A(x+ y)≃2 ↘ ≃Ax≃2 ↘ ≃Ay≃2

)
= 1

2

(
≃x+ y≃2 ↘ ≃x≃2 ↘ ≃y≃2

)
= ↔x,y↗.

Lemma 2.2 (Antisymmetric matrices). Given a matrix E → Rn⇒n, the follow-
ing three statements are equivalent:

(i) E is antisymmetric, i.e., it fulfills ET = ↘E.

(ii) ↑x → Rn : ↔x, Ex↗ = 0

(iii) The matrices etE, ↑t → R, are orthogonal.

Proof. (i)△ (ii): If ET = ↘E, then we have ↔x, Ex↗ = ↔ETx,x↗ = ↘↔Ex,x↗ =
↘↔x, Ex↗ and thus ↔x, Ex↗ = 0 for ↑x → Rn. Conversely, if (ii) holds then we
have ↔x, (E + ET )y↗ = ↔x + y, E(x + y)↗ ↘ ↔x, Ex↗ ↘ ↔y, Ey↗ = 0 ↘ 0 ↘ 0 = 0
for ↑x,y → Rn, and thus E + ET = 0, which is (i).

(i)△ (iii): If ET = ↘E, then we have (etE)T = etE
T

= e↓tE = (etE)↓1 for
↑t → R, i.e., the matrices etE are orthogonal. Conversely, if (iii) holds then we

have etE
T

= (etE)T = (etE)↓1 = e↓tE for ↑t → R, and taking the t-derivative at
t = 0 yields ET = ↘E.

2.3 Model Properties

We begin our discussion of the model and its properties by compiling some quick
observations.

Constraints, parametric freedom. The parameter constraints listed in Sec-
tion 2.1.1 are su!cient to give the model all its desired properties, and to ensure
that the bond price and forward rate formulas presented in Section 2.5 are valid.
However, as is, one can show that there is still a considerable level of redun-
dancy in the model parameters, with di”erent choices of (E,v,x0,ω) leading to
the same exact dynamics of the short rate process (r(Xt))t→0. This issue will
be addressed in detail later in Section 2.7, where we will impose the additional
parameter constraints (2.41)–(2.43) to remove this redundancy.

We will be left with a total of 2n+1 degrees of freedom in our non-functional
parameter choices, plus the choice of the functional parameter ω(x, t). This gives
the model enough parametric freedom to calibrate well to both the discount
curve and the swaption market.
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The constraint (2.9a), which will the key ingredient in Lemmas 2.3 and 2.4
to ensure that the process (Xt)t→0 remains confined to M0, can be rewritten in
several ways, by solving for its various ingredients. One way to think of it is as
a stronger lower bound on ε:

ε ↓ εmin := r→
n↓2 + n↓2

4r→
≃Ev≃2. (2.13)

This bound for ε shows more explicitly that large values of r↑, or values of ≃Ev≃
that are large compared to

▽
r↑ (i.e., large long-term rates r↑ or fast oscillations

in the forward rate curves, as discussed below) demand large reversion speeds ε.

Time homogeneity. Since the drift µ(x) and the short rate function r(x) do
not depend on the process time t, the ACE model is time homogeneous if and
only if the noise function ω(x, t) is in fact chosen to be independent of t, i.e., if
ω(x, t) = ω(x). This gives the modeler full control over the time homogeneity of
the model: If time homogeneity is desired then he must choose ω as a function
of x only; if he is willing to sacrifice time homogeneity in order to improve
calibration quality, he may allow ω to depend on both x and t.

Global attractor. The zero-noise process, i.e., the ODE ẋ = µ(x), can be
shown to have the global attractor x = ϱ0 (global in the sense that the entire
state spaceM0 is contained in its basin of attraction). Note that we have ϱ0 → M0

by (2.2) and (2.7).
Indeed, by Lemma 2.2 the antisymmetry assumption (2.4) for E implies

that the matrices etE , t → R, are orthogonal, so that by Lemma 2.1 the solution
xlin(t) = e↓εtetEx0 of the linearized ODE ẋ = µlin(x) := (↘εI + E)x fulfills
≃xlin(t)≃ = e↓εt≃x0≃, and because of (2.5) this shows that the point x = ϱ0 is at
least a local attractor. The fact that this point is indeed a global attractor can
be shown by actually solving the full zero-noise ODE explicitly. See Lemma 2.7
for our explicit solution of the ODE, and see Lemma 2.13 for a discussion of its
limiting behavior.

Short rate reversion, long-term forward rate. As a result, a look at
(2.12) shows that in the zero-noise case the short rate process (r(Xt))t→0 con-
verges to r↑ as t ∋ ⇔ for any starting point x0 → M0, and so the short rates
simulated by the ACE model tend to revert back to this value r↑ also in the
presence of noise. In fact, as we will see later in Corollary 2.2, this also implies
that the forward rate curves simulated by the ACE model all have this value as
their long-term limit.

Oscillations. The matrix E causes the solution of the deterministic system
to rotate parallel to certain hyperplanes as it approaches the attractor x = ϱ0.
More precisely, the matrix etE in the solution xlin(t) of the linearized system is
composed of up to ⇑n/2⇓ independent rotations in orthogonal hyperplanes, at
di”erent frequencies (see Lemma 2.12 and (2.49) below).
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The presence of this matrix therefore adds deterministic oscillations to the
short rate dynamics, and thus ultimately to the forward rate curve (see also
Lemmas 2.6 and 2.14). This adds some important flexibility to the model, as it
allows the model to simulate—and calibrate to—forward rate curves that exhibit
such oscillatory behavior, or (by choosing wavelengths smaller than the largest
observed maturity) that have a single maximum or minimum. The nonlinear
terms in µ add further complexity to this set of possible forward rate curves.

State space, positive rates. By (2.7) and (2.12), the state space M0 and
its boundary ↽M0 can be written as

M0 = {x → Rn | r(x) > 0}, (2.14a)

↽M0 = {x → Rn | r(x) = 0}. (2.14b)

To see that the short rate process (r(Xt))t→0 of the ACE model almost surely
remains positive for ↑t ↓ 0, we therefore need to show that the state process
(Xt)t→0 remains confined to the supposed domain M0 defined in (2.7).

Geometric interpretation of r(x). As one can see from (2.12), (2.3), and
(2.14b), the short rate function has the geometric interpretation1

r(x) = dist(x, ↽M0). (2.15)

Flowline diagram. As a first step, let us prove this for the deterministic
case ω ∝ 0, by understanding the behavior of the drift vector field µ near the
boundary ↽M0 and near ⇔. The proof for the general stochastic case will then
be the content of Section 2.4.

Lemma 2.3. (i) For ↑x → ↽M0 we have

↮r(x), µ(x)↗ = 1
n↓2≃x↘ xmin≃2 + ϑ, (2.16)

where xmin := n↓2
2 Ev ↘ r↑v → ↽M0. (2.17)

(ii) If ϑ > 0 then all flowlines of µ emanating from the boundary ↽M0 are
leading into the interior of M0 at a non-vanishing angle to ↽M0. If ϑ = 0 then
this statement holds true only on ↽M0 \ {xmin}.
(iii) No flowline of µ starting in the state space M0 can ever leave it or reach ⇔
in finite (positive) time. The same statement holds with M0 replaced by M0.

Proof. (i) First note that xmin → ↽M0 according to (2.14b), since by (2.12),
(2.4) in combination with Lemma 2.2 (ii), and (2.3) we have

r(xmin) = r↑ +
〈
v, n↓2

2 Ev ↘ r↑v
〉
= r↑ + 0↘ r↑ · 1 = 0.

1Indeed, given any x ! Rn , the point x̂ := x " r(x)v fulfills r(x̂) = r" + #v, x̂$ =
r" + #v,x$ " r(x)%v%2 = r(x) " r(x) á1 = 0 and thus x̂ ! ! M0 by (2.14b), and we have
x " x̂ = r(x)v & ! M0 and %x " x̂%= %r(x)v%= r(x).
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Using the definitions (2.11)–(2.12), the parameter constraints (2.3)–(2.4), the
definition (2.9a), the property in Lemma 2.2 (ii), and finally (2.17), we now find
that

↮r(x), µ(x)↗+ r(x)
(
ε+ 2

n↓2 ↔v,x↗
)

=
〈
v, (↘εI + E)x+ 1

n↓2≃x≃
2v ↘ 2

n↓2 ↔v,x↗x
〉
+ r(x)

(
ε+ 2

n↓2 ↔v,x↗
)

= (r(x)↘ ↔v,x↗)
(
ε+ 2

n↓2 ↔v,x↗
)
+ ↔v, Ex↗+ 1

n↓2≃x≃
2≃v≃2

= r↑
(
ε+ 2

n↓2 ↔v,x↗
)
↘ ↔Ev,x↗+ 1

n↓2≃x≃
2

= ϑ + 1
n↓2

(
r2↑ + (n↓2)2

4 ≃Ev≃2
)
↘ 2

n↓2

〈
↘r↑v + n↓2

2 Ev,x
〉
+ 1

n↓2≃x≃
2

= ϑ + 1
n↓2

∥∥↘r↑v + n↓2
2 Ev

∥∥2 ↘ 2
n↓2

〈
↘r↑v + n↓2

2 Ev,x
〉
+ 1

n↓2≃x≃
2

= ϑ + 1
n↓2

∥∥(↘r↑v + n↓2
2 Ev

)
↘ x

∥∥2

= ϑ + 1
n↓2≃xmin ↘ x≃2 .

This shows that for ↑x → Rn we have

↮r(x), µ(x)↗ = ϑ + 1
n↓2≃x↘ xmin≃2 ↘ r(x)

(
ε+ 2

n↓2 ↔v,x↗
)
, (2.18)

which by (2.14b) implies (2.16).

(ii) In particular, the formula (2.16) shows that we have ↮r(x), µ(x)↗ ↓ 0 for
↑x → ↽M0, with equality holding only in the case ϑ = 0 for the point x = xmin.
Since by (2.14a) ̸r(x) is an inward-pointing normal vector to ↽M0 at x, this
proves (ii).

(iii) For ϑ > 0 it now follows immediately that no flowline can exit M0 anywhere
on ↽M0, but for ϑ = 0 it is not immediately clear whether a flowline can exit M0

at the exceptional point xmin. However, if such a flowline existed then tracing
the flow back from points on ↽M0 near xmin, we would find a flowline with a
nearby starting point that exits M0 elsewhere, contradicting (ii).

Showing that the flowlines cannot run o” to⇔ in finite time requires a change
of variables. Defining y := g(x) := (x↘ a)/≃x↘ a≃2 for some arbitrarily chosen
point a → Rn \M0, Lemma B.1 in Appendix B.1 shows that g(M0) is an open
ball with g(⇔) = ϱ0 on its boundary, and that µ̃ := (̸g ·µ)◦g↓1 (i.e., the vector
field whose flowlines are the images under g of the flowlines of µ) has a smooth
extension µ̃+ to the closed ball g(M0) (and in fact to all of Rn), with µ̃+(ϱ0)
pointing towards the ball’s center. This shows that in that parametrization no
flowline can exit g(M0) near the point ϱ0, which in our original parametrization
just means that no flowline can run o” to ⇔ in finite time.

The second statement of part (iii) now follows from the fact that the flow
under a C1 vector field is continuous (in fact, C1) with respect to its starting
point.
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Market resiliency. Since according to (2.14b) and (2.16) we have

r
(
x+ µ(x) dt

)
= r(x) + ↮r(x), µ(x)↗ dt = 0 +

(
1

n↓2≃x↘ xmin≃2 + ϑ
)
dt,

for ↑x → ↽M0, the expression 1
n↓2≃x ↘ xmin≃2 + ϑ tells us how fast the drift

portion µ(Xt) dt of our SDE (2.10) drives the short rate back up if it is close
to 0. We therefore call this value the local market resiliency. The point xmin

is the unique place on the boundary ↽M0 at which this push-back e”ect is the
smallest; its value ϑ at this point is called the (global) market resiliency of the
model.

The constraint (2.9a), which asks that ϑ ↓ 0, was introduced to ensure that
the local market resiliency is positive everywhere, except in the degenerate case
ϑ = 0, when this e”ect vanishes at xmin. In either case, as we have shown in
Lemma 2.3 (ii)–(iii) at least for the deterministic case, this su!ces to confine
the process (Xt)t→0 to the set M0 of all states with positive short rates.

Quadratic drift terms. Before we move on to the general stochastic case,
let us use our insights from Lemma 2.3 to understand the quadratic drift terms
in (2.11). First observe that they can be written as

µquad(x) =

(
I ↘ 2

xxT

≃x≃2

(
1

n↓2≃x≃
2v

)
,

i.e., µquad(x) is the reflection of the vector 1
n↓2≃x≃

2v in the hyperplane that
contains the origin and is orthogonal to x.

To understand the need for any nonlinear terms, note that unless we are
in the degenerate case Ev = ϱ0,2 the flow under the linear part µlin(x) =
(↘εI +E)x of the drift alone would lead out of our declared state space M0 at
some points on its boundary ↽M0, and so without any additional terms the pro-
cess (Xt)t→0 would not be confined to M0. Indeed, the points xc := cEv↘r↑v,
c → R, for example lie on ↽M0 by (2.14b) since

r(xc) = r↑ + ↔v,xc↗ = r↑ + ↔v, cEv ↘ r↑v↗
= r↑ + c↔v, Ev↗ ↘ r↑≃v≃2 = r↑ + c · 0↘ r↑ · 1 = 0

by (2.12), Lemma 2.2 (ii), and (2.3), and if Ev ↖= ϱ0 then for su!ciently large
c > 0 we have

↔µlin(xc),̸r(xc)↗ =
〈
(↘εI + E)(cEv ↘ r↑v),v

〉

= ↘εc↔Ev,v↗+ εr↑≃v≃2 + c↔E2v,v↗ ↘ r↑↔Ev,v↗
= 0 + εr↑ ↘ c≃Ev≃2 ↘ 0 < 0

by Lemma 2.2 (ii), (2.3), and (2.4), i.e., µlin(xc) points away fromM0 by (2.14a).

2The unproblematic case Ev = $0 is unfortunately just the one that does not allow for any
deterministic interest rate oscillations, since in this case the etE -rotation of any point x leaves

its v-component una!ected: #etE x,v$= #x, etE T
v$= #x, e# tE v$= #x,v$.
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Our additional quadratic drift terms fulfill

↔µquad(x),̸r(x)↗ = 1
n↓2

〈
≃x≃2v ↘ 2↔v,x↗x,v

〉
= 1

n↓2

(
≃x≃2≃v≃2 ↘ 2↔v,x↗2

)

= 1
n↓2≃x≃

2 ↘ 2
n↓2r

2
↑

for ↑x → ↽M0 by (2.3), (2.14b), and (2.12), which shows that at least for
large ≃x≃ they add a component pointing into the interior of M0 that is su!-
ciently large to counteract the potential outwards drift from the linear
part µlin(x); the proof of the fact that this actually su!ces on all of ↽M0 was
the content of Lemma 2.3 (i).

As the reader might have noticed, the second of these two quadratic drift
terms is actually counterproductive for this purpose. The reason for introducing
it is a purely technical one: It can be seen to make the solution xquad(t) =

x0/↔x0↔2+tv/(n↓2)
↔x0/↔x0↔2+tv/(n↓2)↔2 for the purely quadratic ODE ẋ = µquad(x) conformal

in x0, i.e., the flow µquad preserves angles,3 and since µlin has this property as
well,4 so does µ = µlin + µquad.5 As we will see only later in Chapters 5–8, the
conformality of µ is one of the cornerstones of our construction’s strategy for
obtaining an explicit bond price formula.

2.4 Existence and Uniqueness, Positive Rates

We will now extend our results from Lemma 2.3 (iii) to the general stochastic
case, and prove that under certain conditions on our noise function ω(x, t) the
ACE SDE (2.10) has a unique strong solution (Xt)t→0 that remains in M0

for ↑t ↓ 0 almost surely. In particular, by (2.14a) this means that the short
rates r(Xt) simulated by the ACE model are positive for ↑t ↓ 0 almost surely, as
desired.6 We want to stress that this result is not only of theoretical significance:
The conditions that Lemma 2.4 imposes on ω are important for the practitioner
who must choose this function during the calibration of the model. To help the
reader internalize them, we will therefore discuss them in detail further below.

To understand the need for these conditions, observe that the existence of
a solution (Xt)t→0 requires that the process can neither run o” to ⇔ in finite
time (which would mean that it is not actually defined for all times t ↓ 0) nor
reach the boundary ↽M0; to avoid such behavior, one therefore has to impose
two kinds of constraints on the noise function ω(x, t): one asking that ω does
not increase too fast as x ∋ ⇔ (to allow the drift to pull the process back to-
wards the attractor ϱ0), and one asking that ω dies o” su!ciently fast near ↽M0

(so that the drift can push it away from ↽M0). This is the purpose of the

3Indeed, xquad(t) is the composition of an inversion x0 '( x0/%x0%2, a shift by tv/(n " 2),
and an inversion again, all of which are angle-preserving maps.

4Recall that xlin(t) = e# ! t eEt x0 is the composition of a scaling and a rotation, both of
which preserve angles.

5To see this, observe that following the combined flow µ for some infinitesimal time dt is
equivalent to following first µlin and then µquad for the time dt each.

6As we will see later in Section 2.5.2, this also implies that in fact the entire forward rate
curve is positive for ) t * 0 almost surely.
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two conditions (2.19) and (2.20) of Lemma 2.4, respectively. The third require-
ment, the Lipschitz continuity of ω, is inherited from the standard existence and
uniqueness result in SDE theory7 (see, e.g., [32, Chapter 5.2] or [33, Chapter 5,
Theorem 2.9]) that our proof is based on.

Finally, recall that having a strong solution means that for each given Brow-
nian motion (Wt)t→0 one can construct a solution (Xt)t→0 of the SDE (2.10);
in contrast, the existence of a weak solution would only mean that one can
construct a pair of a Brownian motion (Wt)t→0 and a solution (Xt)t→0 simul-
taneously so that the SDE (2.10) is satisfied.8 Given our eventual goal of nu-
merically simulating (Xt)t→0, which is typically done by first simulating the
infinitesimal increments of a Brownian motion (Wt)t→0 and then deriving from
it the associated increments of (Xt)t→0 via (2.10), for our practical purposes it
is more natural to ask for the existence of a strong solution.

In the following statement, please recall the geometric interpretation (2.15)
of our short rate function r(x).

Lemma 2.4 (Existence and uniqueness of the ACE process). Suppose that the
noise function ω is continuous in (x, t), and that it is chosen such that for some
T > 0 the following three conditions are met: (i) ω(x, t) is locally Lipschitz
continuous in x uniformly in t → [0, T ],9 (ii) we have

lim sup
x⇑↑

sup
t↗[0,T ] ω

2(x, t)

r(x)≃x≃2 ·
(
1 + 2(n↘ 2)

r(x)

≃x≃


<

2

n↘ 2
,

(growth condition on ω) (2.19)

and (iii) there exist ς → (0, 1), ⇀ > 0, and an open set N ∀ ↽M0 such that for
↑x → M0 ∃N we have

sup
t↗[0,T ]

ω2(x, t) ∞ 2ς

r(x)

(
ϑ + 1

n↓2≃x↘ xmin≃2
)

+ 1ϑ=0, ↔x↓xmin↔<ϖ r(x)
2
(

2
n↓2r↑ ↘ ε

)
.

(Feller condition) (2.20)

Then the ACE SDE (2.10) has a unique strong solution (Xt)t↗[0,T ] that remains
in M0 for ↑t → [0, T ] almost surely.

7The result states that if two functions µ : Rn + [0, T ] ( Rn and " : Rn + [0, T ] ( Rn $ n

are continuous in (x, t) and fulfill the growth condition %µ(x, t)%+ %" (x, t)% , K1(1 + %x%)
and the Lipschitz continuity condition %µ(x, t) " µ(y, t)%+ %" (x, t) " " (y, t)% , K2%x " y%
for ) x,y ! Rn and ) t ! [0, T ] and for some K1,K2 > 0, then the SDE dXt =
µ(Xt , t) dt+ " (Xt , t) dWt , Xt =0 = x0, has a unique strong solution (Xt )t %[0,T ].

8The di!erence between these two notions of a solution becomes more apparent if a model
includes additional processes that are correlated to (Wt )t ! 0 as well: In this situation, a weak
solution (i.e., the construction of a pair of processes (Xt )t ! 0 and (Wt )t ! 0) can generally not
take the further dependencies of (Wt )t ! 0 into account, whereas a strong solution can build on
a given Brownian motion (Wt )t ! 0 that has previously been constructed with all its additional
dependencies.

9I.e., for ) x ! M0 there - %,K > 0 such that for ) x1,x2 ! M0 with %x1 " x%< %and
%x2 " x%< %and for ) t ! [0, T ] we have |" (x1, t) " " (x2, t)| , K%x1 " x2%.
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If these conditions hold for ↑T > 0, then (2.10) has a unique strong solution
(Xt)t→0 that remains in M0 for ↑t ↓ 0 almost surely.

Proof. In Appendix B.2 we will first prove a variant of the Feller condition for
SDEs on the open unit ball B in Rn, which for a general given SDE on B
whose drift points inwards near the ball’s boundary ↽B, tells us that if the
SDE’s noise vanishes near ↽B at some specific rate or faster, then the SDE has
a unique strong solution that never reaches ↽B.

Our proof of Lemma 2.4, which can then be found in Appendix B.3, works by
reducing our problem to just this case, by constructing a bijection ḡ : M0 ∋ B
(based on the function g that we had already used in our proof of Lemma
2.3 (iii)) and then considering the image of the ACE SDE (2.10) under ḡ, ob-
tained via Itô’s Lemma. Since ḡ↓1(↽B) = ↽M0 ∈ {⇔}, our Feller condition
near ↽B then translates into two conditions for the noise function ω of our orig-
inal ACE SDE: the Feller condition (2.20) near ↽M0, and the growth condition
(2.19) near ⇔.

Corollary 2.1. Under the conditions of Lemma 2.4 the short rates r(Xt) sim-
ulated by the ACE model are positive for ↑t → [0, T ] almost surely (or for ↑t ↓ 0
if the conditions are fulfilled for ↑T > 0).

Proof. This now follows from (2.14a).

Let us take a closer look at the two conditions (2.19) and (2.20) on our noise
function ω(x, t). Although at first glance they may look intimidating, as we
will see, all their individual terms actually play a well-defined role that can be
properly understood and taken advantage of with just a little e”ort.10 The goal
of this lemma is to provide the strongest results (i.e., the weakest conditions)
possible, but if one is willing to accept only slightly more stringent conditions
instead then they can be simplified significantly.

The growth condition as x ∋ ⇔. The condition (2.19) asks that ω does not
increase too fast as x ∋ ⇔, which is necessary to ensure that the noise cannot
drive the process (Xt)t→0 to⇔ in finite time. Since we have r(x)

↔x↔ = r→
↔x↔+

〈
v, x

↔x↔
〉

and thus

lim sup
x⇑↑

(
1 + 2(n↘ 2) r(x)↔x↔

)
= 1 + 2(n↘ 2) · 1 = 2n↘ 3,

this condition is certainly fulfilled if the stronger condition

lim sup
x⇑↑

sup
t↗[0,T ] ω

2(x, t)

r(x)≃x≃2 <
2

(n↘ 2)(2n↘ 3)
(2.21)

10Nevertheless, the impatient reader who is getting stuck during the discussion to follow
will be forgiven for skipping ahead to Section 2.5, as long as they promise to return and give
it another try before attempting to implement the model.
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holds, i.e., if ¬ς → (0, 1) such that for all su!ciently large x → M0 and ↑t → [0, T ]
we have

ω2(x, t) ∞ 2ς

(n↘ 2)(2n↘ 3)
r(x)≃x≃2. (2.22)

The second factor in (2.19) weakens this growth condition slightly, namely to

ω2(x, t) ∞ 2ς

(n↘ 2)
(
1 + 2(n↘ 2) r(x)↔x↔

) r(x)≃x≃2, (2.23)

by making the prefactor dependent on r(x)
↔x↔ ∅

〈
v, x

↔x↔
〉
, i.e., on the direction in

which x goes to ⇔: If x moves into the direction given by v, i.e., perpendicular
to ↽M0, then we have r(x)

↔x↔ ∋ 1, and the prefactor in (2.23) indeed turns into the

one in (2.22); however, if x moves parallelly to ↽M0 (i.e., if r(x) ∝ const > 0),

then we have r(x)
↔x↔ ∋ 0, and the prefactor in (2.23) becomes 2ϱ

n↓2 > 2ϱ
(n↓2)(2n↓3) ,

thus relaxing our simplified condition (2.22). Finally, rewriting (2.23) as

ω2(x, t) ∞ 2ς

(n↘ 2)
( ↔x↔
r(x) + 2(n↘ 2)

) ≃x≃3 (2.24)

shows that our upper bound (i.e., the entire right-hand side of (2.23)) grows

the fastest in the direction of v (where r(x)
↔x↔ is the largest.)

Note that the readily available standard existence and uniqueness result
for SDEs in [32, Chapter 5.2] or [33, Chapter 5, Theorem 2.9] could not be
applied to our SDE as is, not only because our domain is not all of Rn, but
also because that criterion requires both the drift and the noise to grow at
most like O(≃x≃) as x ∋ ⇔, whereas our drift µ defined in (2.11) is of the
order O(≃x≃2). However, in our case we know that all the flowlines of µ point
inwards (they all lead to the attractor ϱ0), and so its strong growth should
actually help us avoid a noise-driven blow-up. It is for this reason that our
result can a”ord to allow for a stronger growth of our noise function ω, namely of
the order O

(
r(x)1/2≃x≃

)
, where our definition (2.12) of r(x) can be interpreted

geometrically as the distance of x to ↽M0.

The Feller condition near ↽M0. The condition (2.20) asks that ω vanishes
su!ciently fast as x approaches the boundary ↽M0 of the domain M0. (Indeed,
by (2.14a) and (2.9a)–(2.9b) all terms on the right of (2.20) are non-negative
on M0, and by (2.14b) the right-hand side vanishes on ↽M0.) More precisely,
if ϑ > 0, or in the case ϑ = 0 near all points on ↽M0 other than xmin, (2.20) asks
that ω(x, t) must be at most of the order O

(
r(x)1/2

)
(with a prefactor smaller

than some bound that depends on the location on ↽M0), while in the remaining
degenerate case it must be at most of the order O(r(x)) (again with some bound
on the prefactor).

By (2.16), on ↽M0 the term ϑ + 1
n↓2≃x↘ xmin≃2 represents the component

of the drift µ in the direction of the inner normal to ↽M0. Writing the first line
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of the condition (2.20) as

1

2


sup

t↗[0,T ] ω(x, t)√
r(x)

2

∞ ς
(
ϑ + 1

n↓2≃x↘ xmin≃2
)

therefore shows its analogy to the classical Feller condition

1
2ω

2
0 < b(0)

under which the simple one-dimensional CIR model [15] given by the SDE

dRt = b(Rt) dt+ ω(Rt) dWt , Rt=0 = r0,

where b(r) :=↘⇁(r↘r↑) and ω(r) := ω0
▽
r for some parameters r0, r↑, ⇁,ω0 > 0,

is guaranteed to never reach the point r = 0.
In the degenerate case ϑ = 0 this drift vanishes at the point xmin → ↽M0,

and so the term r(x)
(
ϑ + 1

n↓2≃x ↘ xmin≃2
)
alone would impose quite a tight

bound on ω near that point (as it decreases like ≃x ↘ xmin≃3 in each direction
as x ∋ xmin). The term in the second line of (2.20) (which originated from the
third term in (2.18), evaluated at x = xmin) provides some relief, by adding a
quadratic (and thus larger) function in a neighborhood of xmin.

2.5 Explicit Formulas

Our key result is that the dollar value of the maturity-T zero-coupon bond,

B$,T (x, t) := E
[
exp

(
↘
∫
T

t
r(Xs) ds

) ∣∣Xt = x
]
, (2.25)

can for ↑(x, t) → M0 ↙ [0, T ] be computed via an analytic formula, i.e., that we
can evaluate the expected value in (2.25) explicitly. The bond price formula will
be stated and briefly discussed in Section 2.5.1, and it will be proven later in
Section 2.6.2.

Naturally, as a result we also obtain an explicit formula for the (absolute)
forward rate function F (x, t; s), where x → M0 and 0 ∞ t ∞ s. Recall that this
function is defined via the relation

B$,T (x, t) = exp
(
↘
∫
T

t
F (x, t; s) ds

)
(2.26)

for ↑(x, t) → M0 ↙ [0, T ], or equivalently, as

F (x, t; s) = ↘↽s logB$,s(x, t). (2.27)

However, instead of deriving our forward rate formula from our bond price
formula via (2.27), in Section 2.5.2 we will find that (as a result of the ACE
model being unspanned) one can alternatively derive it by relating it to the
solution of the zero-noise ODE ẋ = µ(x).

We will therefore conclude Section 2.5 by providing an explicit formula also
for the solution of this zero-noise ODE. Besides leading us to our forward rate
formula, this may also be useful when simulating the SDE (2.10) numerically,
since it will allow us to eliminate all higher-order errors caused by the linear
approximation µ(Xt) dt of its deterministic component.
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2.5.1 Bond Prices

We begin by stating and discussing the bond price formula of the ACE model.

Theorem 2.1 (Bond price formula). The bond prices defined in (2.25) can for
↑(x, t) → M0 ↙ [0, T ] be computed explicitly via the formula

B$,T (x, t) = e↓r→ω
(
1↘ 2↔cω ,x↗+ ≃cω≃2≃x≃2

)1↓n/2
(2.28a)

=





e↓r→ω

∥∥∥≃cω≃x↘ cω
↔cω↔

∥∥∥
2↓n

for t → [0, T ),

1 for t = T ,
(2.28b)

where ϖ := T ↘ t, and where the (forward) currency vectors cω , ϖ ↓ 0, are
defined as

cω := 1
n↓2 (E + εI)↓1

(
e↓ω(E+εI) ↘ I

)
v. (2.29)

The expressions inside the parentheses in (2.28a) and inside the norm in (2.28b)
do not vanish for any x → M0 and for any ϖ for which they are used.

Proof. The proof is postponed to Section 2.6.2.

Before we discuss this formula in detail, let us quickly take a closer look at
the currency vectors cω ; they will in fact play an even more vital role in the
multi-currency case in Chapter 3 (hence the name).

Lemma 2.5. The currency vectors cω have the following properties:

(i) The matrix E + εI is invertible, and so cω is well-defined for ↑ϖ ↓ 0.

(ii) We have c0 = ϱ0 and ↑ϖ > 0: cω ↖= ϱ0.

(iii) For ↑ϖ ↓ 0 we have

↽ωcω = ↘ 1
n↓2e

↓ω(E+εI)v (2.30a)

= ↘ 1
n↓2v ↘ (E + εI)cω . (2.30b)

Proof. (i) By Lemma 2.2 (ii) we have ↔x, (E + εI)x↗ = ε≃x≃2 for ↑x → Rn,
which shows that (E + εI)x = ϱ0 implies x = ϱ0.

(ii) The first part is obvious from the definition (2.29). The second part follows
from the fact that for ↑ϖ > 0 the matrix e↓ω(E+εI) ↘ I is invertible as well;
indeed, for ↑x → Rn and we have

∥∥(e↓ω(E+εI) ↘ I)x
∥∥ ↓

∣∣≃e↓ω(E+εI)x≃ ↘ ≃x≃
∣∣ =

∣∣e↓εω ↘ 1
∣∣

  
>0

≃x≃.

(iii) Both relations are direct consequences of the definition (2.29).
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The bond price formula (2.28) provides two equivalent expressions: (2.28a)
is preferable for numerical purposes, as it avoids division by ≃cω≃, which by
Lemma 2.5 (ii) is zero for ϖ = 0 (i.e., t = T ), and it shows that there is no
discontinuity at t = T . The expression (2.28b) is more useful for our proofs
because its dependency on x is simpler; in particular, for the trained eye it
makes it easy to see that B$,T (x, t) is harmonic in x (Lemma 2.10).

Next, observe the decisive fact that our model parameter ω(x, t) does not
enter our bond price formula (2.28), despite the fact that it does enter the
original definition (2.25) through the process (Xt)t→0. This shows that the ACE
model is unspanned with respect to its functional parameter ω(x, t). Besides
leading to the advantages discussed in Sections 1.1–1.2, this has the side e”ect
that although the process (Xt)t→0 is not time homogeneous in general due to
the t-dependence of ω(x, t), our bond price formula (2.28) depends on T and t
only via the tenor ϖ := T ↘ t (since it must be the same as for the specific
time-homogeneous case of a noise function ω(x)).

The rate r↑ in the exponent is the constant term of our short rate function
r(x) defined in (2.12). A look at how it enters the definition (2.25) thus fully
explains the presence of the exponential prefactor in our bond price formula
(2.28).

The remaining part of the formula (2.28b) is a negative (recall (2.1)) power
of the norm of some vector. While this immediately implies that the formula
can only return positive values (as by (2.25) it should), the negative exponent
also requires us to ensure that the expression inside the norm does not vanish
(see Lemma 2.9 (ii) below).

The norm is the distance between two vectors, both of which depend on cω ,
but only one of which actually depends on our state x. The information con-
tained in cω (which is the only expression through which the parameters ε, E
and v enter our formula) is split into two parts: its length, which enters the
first vector as a prefactor of the state x, and its direction, which is used as the
second vector.

Finally, we see that our formula returns the value 1 whenever t = T , as is
expected from (2.25), and from the fact that at the time of maturity a bond is
worth 1.

2.5.2 Forward Rates, Zero-Noise Process

Let us now move on to our forward rate formula, which—as a consequence of
the ACE model being unspanned—manages to link the forward rates to the
zero-noise process.

Lemma 2.6. The forward rates defined by the relation (2.26) depend on t and s
only via the di" erence s↘ t, i.e., it is of the form

F (x, t; s) = Frel(x; s↘ t) (2.31)

for ↑x → M0 and for 0 ∞ t ∞ s, where Frel is called the relative forward rate
function. This function can be obtained directly from the short rate function
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r(x) defined in (2.12) via the relation

Frel(x; ϖ) = r(Uω (x)) (2.32)

for ↑x → M0 and ↑ϖ ↓ 0, where the semigroup (Ut)t→0 of maps Ut : M0 ∋ M0

is defined as the solution to the zero-noise system, i.e., of the ODE

↑t ↓ 0 ↑x → M0 : ↽tUt(x) = µ(Ut(x)), (2.33a)

↑x → M0 : Ut=0(x) = x. (2.33b)

(Recall that by Lemma 2.3 (iii) these maps are well defined and indeed lead
into M0 for ↑t ↓ 0.)

Proof. By (2.28) the bond prices B$,T (x, t) in the ACE model do not depend
on ω. Letting ω ∋ 0 in (2.25), we therefore find that

B$,T (x, t) = exp
(
↘
∫
T

t
r(Us↓t(x)) ds

)
,

and so (2.27) leads us to (2.32).

Note the remarkable fact that the forward rate function F is of the form
(2.31) even if our process (Xt) is not time homogeneous, i.e., if the noise func-
tion ω depends on t; for general time-inhomogeneous models this is not the
case. By (2.27) this property is in fact equivalent to the bond price functions
B$,T (x, t) in (2.28) being functions of x and ϖ = T ↘ t only, which in our dis-
cussion in Section 2.5.1 we had attributed to the fact that the ACE model is
unspanned.

Also observe that since the maps Ut lead into M0, (2.32) together with
(2.14a) implies that in the ACE model not only the short rates, but in fact the
entire forward rate curve is positive.

In order to allow us to utilize the forward rate formula (2.32) in practice, the
next lemma provides an explicit solution to the zero-noise ODE (2.33). While
it is not immediately obvious that the expression on the right of (2.34) indeed
fulfills the semigroup property, this will become more apparent after a slight
reformulation, as demonstrated in detail later in Section 2.8.1.

Lemma 2.7. The ODE (2.33) has the following solution for ↑(x, t) →
M0 ↙ [0,⇔):

Ut(x) =






et(E+εI)
(

x
↔x↔2 ↘ ct

)

∥∥et(E+εI)
(

x
↔x↔2 ↘ ct

)∥∥2
for x ↖= ϱ0,

ϱ0 for x = ϱ0.

(2.34)

The denominator does not vanish for any x → M0 \ {ϱ0} and any t ↓ 0.

Proof. The proof is postponed to Section 2.6.1.
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2.6 Proofs

We will now present the proofs of the bond price formula (2.28) and the zero-
noise evolution formula (2.34). Both proofs are straightforward in that they
boil down to checking that the two given functions fulfill certain di”erential
equations.

2.6.1 Proof of the Zero-Noise Evolution Formula

We begin with the proof of the zero-noise evolution formula (2.34). It is easy
to see that this formula fulfills the initial condition (2.33b). To see that it also
solves the di”erential equation (2.33a), first note that the case x = ϱ0 is trivial,
since µ(ϱ0) = ϱ0. If x ↖= ϱ0, let us abbreviate

ut := et(E+εI)
(

x
↔x↔2 ↘ ct

)
,

so that our zero-noise evolution formula (2.34) can be written as Ut(x) =
ut

↔ut↔2 .

Then by (2.30a) we have

↽tut = (E + εI)ut +
1

n↓2v,

and so using Lemma 2.2 (ii), we find that

↽t

(
ut

≃ut≃2


=

1

≃ut≃2

(
I ↘ 2

utuT

t

≃ut≃2

(
(E + εI)ut +

1
n↓2v

)

=
Eut

≃ut≃2
↘ εut

≃ut≃2
+

1

n↘ 2

v

≃ut≃2
↘ 2

n↘ 2

↔ut,v↗ut

≃ut≃4

= (E ↘ εI)
ut

≃ut≃2
+

1

n↘ 2

∥∥∥∥
ut

≃ut≃2

∥∥∥∥
2

v ↘ 2

n↘ 2


v,

ut

≃ut≃2


ut

≃ut≃2

= µ

(
ut

≃ut≃2



for every t with ut ↖= 0.
Since ut=0 = x/≃x≃2 ↖= ϱ0, this shows that the function t ℜ∋ Ut(x) given in

(2.34) solves the ODE (2.33) at least until the first time t > 0 at which ut = ϱ0.
Now if we had ut0 = ϱ0 for some t0 > 0 then we would have limt⇓t0 Ut(x) =
limt⇓t0

ut
↔ut↔2 = ⇔, i.e., the flowline of µ emanating from x would run o” to ⇔

in finite time. But this would contradict our statement in Lemma 2.3 (iii).

2.6.2 Proof of the Bond Price Formula

We are now ready to prove the bond price formula (2.28), based on the well-
known Feynman–Kac theorem, whose uniqueness statement (specialized to our
specific payo” function11) is the following:

11See Section 5.10.4 for a description of the general case.
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Lemma 2.8 (Feynman–Kac). Suppose that B$,T is a function that is continuous
and bounded on M0 ↙ [0, T ] and that satisfies the PDE

↑t → [0, T ) ↑x → M0 :
(
↽t + ↔µ(x),̸↗+ 1

2ω
2(x, t)#↘ r(x)

)
B$,T (x, t) = 0,

↑x → M0 : B$,T (x, T ) = 1. (2.35)

Then it must have the representation (2.25).

Proof. See Appendix B.4.

In order to prove that the expected value (2.25) is given by the explicit
expression (2.28), it therefore su!ces to show that the functions B$,T given
by (2.28) are continuous and bounded on M0 ↙ [0, T ], and that they fulfill the
Feynman–Kac PDE. We begin with the technical part.

Lemma 2.9. (i) For any ϖ > 0 we have

cω
≃cω≃2

/→ M0. (2.36)

(ii) The norm in (2.28b) is bounded below by some positive constant, uniformly
for ↑(x, ϖ) → M0↙(0, T ]. In particular, this implies that the functions B$,T (x, t)
given in (2.28) are continuous and bounded on M0 ↙ [0, T ].

Proof. (i) Suppose that there were a ϖ > 0 such that x := cω
↔cω↔2 → M0. Then

we would have x
↔x↔2 = cω , contradicting the second statement in Lemma 2.7

(ii) Abbreviating expression inside the norm in (2.28b) by (. . .), first note that
by (2.3) and (2.7) we have

≃ . . . ≃ ↓ ↔ . . . ,v↗
= ≃cω≃↔x,v↗ ↘ ↔cω ,v↗/≃cω≃
↓ ↘≃cω≃ r↑ ↘ ↔cω ,v↗/≃cω≃

for all (x, ϖ) → M0 ↙ (0, T ]. Since by Lemma 2.5 (ii)–(iii) we have cω=0 = ϱ0
and ↽ωcω |ω=0 = ↘ 1

n↓2v, we can use l’Hospital’s rule and (2.3) to see that the
last (x-independent) expression converges to 1 as ϖ ∋ 0. This shows that there
¬⇀ > 0 such that ↑(x, ϖ) → M0 ↙ (0, ⇀) : ≃ . . . ≃ ↓ 1

2 . For (x, ϖ) → M0 ↙ [⇀, T ] we
can estimate

≃ . . . ≃ = ≃cω≃ ↙
∥∥x↘ cω

↔cω↔2

∥∥

↓
(

min
ω↗[ϖ,T ]

≃cω≃
)
↙ dist

(
M0,


cω

↔cω↔2

∣∣ ϖ → [⇀, T ]
)

,

and using Lemma 2.5 (ii) and the continuity of the path ϖ ℜ∋ cω , the first factor
(the “min”) is positive, while the second one (the “dist”) is positive by part (i)
of the present lemma (as the distance between a closed and a compact set with
empty intersection).
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Moving on to proving that our function satisfies the Feynman–Kac PDE
(2.35), first note that—as already mentioned in our discussion in Section 2.5.1—
the boundary condition is clearly fulfilled; we can therefore focus on the di”er-
ential equation itself. Here we will show even more, namely that our proposed
solution simultaneously fulfills the two separate equations

#B$,T (x, t) = 0 and
(
↽t + ↔µ(x),̸↗ ↘ r(x)

)
B$,T (x, t) = 0 (2.37)

for ↑t → [0, T ) and ↑x → M0, which then clearly implies (2.35).
In fact, this split-up of the Feynman–Kac PDE is a necessary consequence

of our goal to make our model unspanned with respect to the functional pa-
rameter ω(x, t): Indeed, note that any single ω-independent function B$,T (x, t)
that fulfills (2.35) for any choice of ω must fulfill the two separate equations
in (2.37), as can be seen by simply letting ω ∋ 0 in (2.35).

The proofs of the two equations in (2.37) are given in Lemmas 2.10 and 2.11
below; these two lemmas will therefore complete our proof of Theorem 2.1.

Lemma 2.10. The functions B$,T defined in (2.28) fulfill the equation

#B$,T (x, t) = 0 (2.38)

for ↑t → [0, T ) and ↑x → M0, i.e., they are harmonic in x.

Proof. For any fixed t → [0, T ) our bond price formula is just a shifted and
rescaled version of the function x ℜ∋ ≃x≃2↓n, and so it su!ces to show that
#≃x≃2↓n = 0 for ↑x ↖= ϱ0. This in turn is a well-known fact; we shall show the
calculation here for completeness:

↽xi≃x≃2↓n = (2↘ n)≃x≃1↓n · xi

≃x≃ = (2↘ n)≃x≃↓nxi

↽2
xi
≃x≃2↓n = (2↘ n)

[
(↽xi≃x≃↓n)xi + ≃x≃↓n(↽xixi)

]

= (2↘ n)
[
(↘n≃x≃↓n↓2xi)xi + ≃x≃↓n

]

= (2↘ n)≃x≃↓n↓2(↘nx2
i
+ ≃x≃2)

#≃x≃2↓n =
n∑

i=1

↽2
xi
≃x≃2↓n = (2↘ n)≃x≃↓n↓2(↘n≃x≃2 + n≃x≃2) = 0

Lemma 2.11. The functions B$,T defined in (2.28) fulfill the equation

(
↽t + ↔µ(x),̸↗ ↘ r(x)

)
B$,T (x, t) = 0 (2.39)

for ↑t → [0, T ) and ↑x → M0.

Proof. Throughout this proof let us abbreviate

( . . . ) := ≃cT↓t≃x↘ cT↑t

↔cT↑t↔
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for t → [0, T ), so that our bond price formula (2.28b) can be written as

B$,T (x, t) = er→(t↓T )≃ . . . ≃2↓n .

(Recall that ( . . . ) ↖= ϱ0 by Lemma 2.9 (ii).) Then we have
(
↽t + ↔µ(x),̸↗

)
B$,T (x, t)

= er→(t↓T )

r↑≃ . . . ≃2↓n + (2↘ n)≃ . . . ≃1↓n


( ... )
↔...↔ ,

(
↽t + ↔µ(x),̸↗

)
( . . . )



=

r↑ + 2↓n

↔...↔2

〈
( . . . ),

(
↽t + ↔µ(x),̸↗

)
( . . . )

〉
B$,T (x, t) . (2.40)

Since by (2.30b) we have ↽tcT↓t =
1

n↓2v + (E + εI)cT↓t, we find that

(
↽t + ↔µ(x),̸↗

)
( . . . )

= c̸


≃c≃x↘ c

↔c↔



c=cT↑t

· ↽tcT↓t + x̸


≃cT↓t≃x↘ cT↑t

↔cT↑t↔


· µ(x)

=

xcT

↔c↔ ↘ 1
↔c↔

(
I ↘ ccT

↔c↔2

)

c=cT↑t

·
(

1
n↓2v + (E + εI)cT↓t

)

+ ≃cT↓t≃ I ·
(
(↘εI + E)x+ 1

n↓2≃x≃
2v ↘ 2

n↓2 ↔v,x↗x
)

= E
(
≃c≃x↘ c

↔c↔
)

+ 1
n↓2

(
xcT

↔c↔ ↘ 1
↔c↔

(
I ↘ ccT

↔c↔2

)
+ ≃c≃≃x≃2I ↘ 2≃c≃xxT

)
v
∣∣∣
c=cT↑t

,

where in the last step the terms containing ε canceled out, and two terms
containing E vanished because of Lemma 2.2 (ii). Now computing the inner
product in (2.40) and abbreviating c := cT↓t, the remaining term containing E
vanishes again by Lemma 2.2 (ii), and we obtain
〈
( . . . ),

(
↽t + ↔µ(x),̸↗

)
( . . . )

〉

= 1
n↓2


≃c≃x↘ c

↔c↔ ,
(

xcT

↔c↔ ↘ 1
↔c↔

(
I ↘ ccT

↔c↔2

)
+ ≃c≃≃x≃2I ↘ 2≃c≃xxT

)
v


= 1
n↓2

(
cxT

↔c↔ ↘ 1
↔c↔

(
I ↘ ccT

↔c↔2

)
+ ≃c≃≃x≃2I ↘ 2≃c≃xxT

)(
≃c≃x↘ c

↔c↔
)
,v



= 1
n↓2


≃x≃2c↘

(
x↘ ⇔c,x↖

↔c↔2 c
)
+ ≃c≃2≃x≃2x↘ 2≃c≃2≃x≃2x

↘ ⇔x,c↖
↔c↔2 c+

c
↔c↔2 ↘ c

↔c↔2 ↘ ≃x≃2c+ 2↔x, c↗x,v


= ↘ 1
n↓2

(
≃c≃2≃x≃2 ↘ 2↔x, c↗+ 1

)〈
x,v

〉

= ↘ 1
n↓2

∥∥≃c≃x↘ c
↔c↔

∥∥2↔x,v↗

= 1
2↓n

≃ . . . ≃2↔v,x↗ .

Finally, plugging this back into (2.40), we find that
(
↽t + ↔µ(x),̸↗

)
B$,T (x, t) =

(
r↑ + ↔v,x↗

)
B$,T (x, t) = r(x)B$,T (x, t),

which is (2.39).





Chapter 4

Quick Derivation

Historically, the ACE model equations presented in Part I were first derived
using Gregory Pelts’ interest rate modeling framework, as laid out in Chap-
ters 5–9. As it is so often the case, however, once the solution to our modeling
problem had been unearthed, an alternative simpler way could be devised to
“find” these equations, which shall be presented in this chapter.

First, in Section 4.1 we will derive the equations of the single-currency ACE
model, then in Section 4.2 we will generalize our calculations to the multi-
currency case. Finally, in Section 4.3 we will discuss how this approach relates
to the original model derivation, and why that original derivation still has more
than just historical value.

4.1 Single-Currency Model

The quick derivation consists of three steps:

1. The problem of defining an unspanned interest rate model, by writing
down a Feynman–Kac type PDE and its solution, is simplified by (i) choos-
ing a constant short rate function r(z) ∝ ρ̄ and (ii) ignoring the boundary
condition B$,T (z, t = T ) ∝ 1. As we will see, this can be interpreted as a
two-currency interest rate model, with an artificial currency c̄ as the nu-
meraire that has the constant short rate ρ̄, with the bond price function
interpreted as the price of the dollar bonds in units of c̄, and with the
solution’s boundary values serving as the exchange rate function between
the two currencies.

2. A change of numeraire to the dollar is performed, which eliminates c̄ from
the model and turns it into a regular non-trivial interest rate model for
the dollar. As we will see, the downsides of the model we obtain are that
(i) the rate and bond functions contain terms that blow up at a specific
point, (ii) the rate function is hard to interpret, and (iii) the functional
noise parameter ω(z) has bled into the drift µ(z).

99
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3. A change of variables z ℜ∋ x(z) is carried out that fully resolves all of
these three issues.

Upon completion of these three steps, we will arrive at the single-currency
ACE model equations introduced in Chapter 2.

Step 1. Let c̄ be an artificial additional currency whose short rate is constant
at ρ̄ > 0, independently of the state z → Rn of the system. Let us denote the
currency exchange rate to the dollar (which we assume to be independent of t)
as g(z) > 0, i.e., 1 is worth g(z) many units of c̄. Furthermore, let us denote
by B$

c̄,T
(z, t) the value (expressed in units of c̄) of the zero-coupon bond that

pays out 1 at time T ↓ t. It has to satisfy the Feynman–Kac equation with c̄
as the numeraire, which is of the form

(
↽t +

1
2ω

2
1(z)#+ ↔µ1(z),̸↗ ↘ ρ̄

)
B$

c̄,T
(z, t) = 0, (4.1a)

B$
c̄,T

(z, T ) = g(z). (4.1b)

(The lower indices in ω1 and µ1 refer to the fact that we are in Step 1 of our
derivation.) Since we want the model to be unspanned (i.e., B$

c̄,T
is independent

of ω1), letting ω1 ℑ 0 in (4.1a) and then subtracting the result from (4.1a) shows
that B$

c̄,T
in fact has to satisfy the two equations

(
↽t + ↔µ1(z),̸↗ ↘ ρ̄

)
B$

c̄,T
(z, t) = 0 (4.2a)

#B$
c̄,T

(z, t) = 0 (4.2b)

individually, together with the boundary condition (4.1b).
Let us start by focusing on (4.2a), which is in fact the Feynman–Kac PDE for

a noiseless system. Without noise, the system moves deterministically according
to the ODE ż = µ1(z). Denoting its evolution map by Ut(z), so that

↽tUt(z) = µ1(Ut(z)) and Ut=0(z) = z,

it is easy to write down the bond price formula for this case: If the system at
time t is in state z, then at the time of maturity T ↓ t it is in the state UT↓t(z),
so the bond’s 1 payout at time T is worth g(UT↓t(z)) units of c̄, and its present
value at time t is therefore

B$
c̄,T

(z, t) = e↓ς̄(T↓t)g(UT↓t(z)). (4.3)

And indeed, it is easy to check that this formula satisfies both (4.2a) and (4.1b).
Moving on to (4.2b), we now need to ensure that the function in (4.3) is

harmonic for every T ↓ t. Considering T = t first, this means that g itself must
be harmonic, i.e.,

#g = 0. (4.4)

To keep Steps 2–3 analytically manageable, we therefore need to define g as
a simple, yet non-trivial, positive harmonic function. The best function that
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comes to mind1 is
g(z) := ≃z↘ v̂≃2↓n, (4.5)

for some vector v̂ → Rn that we introduce here to inject an additional parameter
into our model that can later be used for calibration.

Next, for the function in (4.3) to be harmonic also for T > t, the exponential
prefactor in (4.3) is not a problem since it is independent of z, but we need to
ensure that the evolution map UT↓t(z) preserves the harmonic property of g,
i.e., that for all ϖ := T ↘ t we have2

0 = #[g(Uω (z))]

=


i
↽2
i
[g(Uω (z))]

=


i,k
↽i[(↽kg)(Uω (z)) · ↽iUk

ω
(z)]

=


i,k,l
(↽l↽kg)(Uω (z)) · ↽iUk

ω
(z) · ↽iU l

ω
(z) +


i,k

(↽kg)(Uω (z)) · ↽2
i
Uk

ω
(z)

= tr
[
(̸2g)(Uω (z)) · (̸Uω )(z) · (̸Uω )(z)

T
]
+


k
(↽kg)(Uω (z)) ·#Uk

ω
(z).

The second term can be made to vanish by ensuring that Uω is componentwise
harmonic, i.e., that

#Uk

ω
= 0 for every component k = 1, . . . , n.

In particular, this will be satisfied if we choose µ and thus Uω as linear functions
in z, i.e., if

µ1(z) := Az and thus Uω (z) = eωAz (4.6)

for some matrix A → Rn⇒n.
Turning our attention to the first term (the trace expression), we observe

that if the product of the last two matrices is a multiple of the identity matrix,
i.e., if (̸Uω )(̸Uω )T = ςω · I for some scalar function ςω (z), then this term
becomes

tr[ . . . ] = ςω (z) · tr[(̸2g)(Uω (z))] = ςω (z) · (#g)(Uω (z))
(4.4)
= 0,

as desired. We therefore ask that

ςω (z) · I = (̸Uω )(z) · (̸Uω )(z)
T = eωAeωA

T

.

Now if we didn’t have ςω on the left-hand side, this would just mean that we
want eωA to be an orthogonal matrix for every ϖ , which by Lemma 2.2 is the
case if and only if A is anti-symmetric. Since we do allow for this additional
scaling factor ςω , however, we can allow for A to have the more general shape

A = E + εI, where ET = ↘E and ε → R; (4.7)

1The fact that this function is harmonic is well known; see also our proof of Lemma 2.10.
2We ask the reader to forgive the notational clash that T , which already stands for the

time of maturity, will now also denote the operation of matrix transposition.
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indeed, we then have

eωAeωA
T

= eω(E+εI)eω(↓E+εI) = e2εωI = e2εωI.

Putting everything together, we see that by (4.6) and (4.7) we can choose

µ1(z) = (E + εI)z and thus Uω (z) = eω(E+εI)z,

so that by (4.3) and (4.5) our bond function becomes

B$
c̄,T

(z, t) = e↓ς̄(T↓t)
∥∥e(T↓t)(E+εI)z↘ v̂

∥∥2↓n

. (4.8)

With all these choices, by construction our bond price function B$
c̄,T

(z, t)
satisfies both (4.2a) and (4.2b), and thus the Feynman–Kac PDE (4.1a) with c̄
as the numeraire, together with the boundary condition (4.1b). Moreover, the
function is independent of ω1.

Note that this function does not satisfy the usual Feynman–Kac boundary
condition B$

c̄,T
(z, t = T ) = 1, but rather (4.1b) (since it measures the bond

payout in units of c̄ and not in dollars), and the rate function in (4.9) is just a
constant ρ̄; for this reason, at this stage we have not yet completed our task of
defining a non-trivial unspanned single-currency short rate model.

Step 2 (Change of numeraire). Next, let us eliminate c̄ from the model by
changing the numeraire of our Feynman–Kac PDE to the dollar, thus turning
the model into a regular, yet non-trivial, single-currency short rate model for the
dollar only. So essentially, we are going to carry out a change of numeraire with
Girsanov’s formula to obtain the new drift µ2 (as we know, Girsanov won’t a”ect
the noise ω1, i.e., we have ω2 = ω1), and then compute the rate function r2(z)
of the dollar from our bond function.

However, here we will use an equivalent method that achieves both these
things in one step that does not require us to have memorized any of these
formulas: The Feynman–Kac PDE

(
↽t +

1
2ω

2
1(z)#+ ↔µ1(z),̸↗ ↘ ρ̄

)
fc̄(z, t) = 0 (4.9)

is fulfilled by any function fc̄ representing the value in units of c̄ of a self-
financing account. So what equation will a function f$ that measures the value
in dollars instead fulfill? Given any such function f$, the function fc̄ := g · f$
expresses the value in units of c̄, and so it must fulfill (4.9). Dividing by g(z)
and using the product rule of di”erentiation, we therefore have

0 = 1
g(z)

(
↽t +

1
2ω

2
1(z)#+ ↔µ1(z),̸↗ ↘ ρ̄

)
[(g(z)f$(z, t)] (4.10)

=
(
↽t +

1
2ω

2
1(z)#

)
f$(z, t)

+
〈
µ1(z) +

1
g(z)ω

2
1(z)̸g(z),̸

〉
f$(z, t)

↘
(
ρ̄↘ 1

2g(z)ω
2
1(z)#g(z)↘ 1

g(z) ↔µ1(z),̸g(z)↗
)
f$(z, t). (4.11)
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This has again the form

(
↽t +

1
2ω

2
1(z)#+ ↔µ2(z),̸↗ ↘ r2(z)

)
f$(z, t) = 0 (4.12)

of a Feynman–Kac PDE, and using

1
g(z)̸g(z) = ≃z↘ v̂≃n↓2 · (2↘ n)≃z↘ v̂≃1↓n · z↓v̂

↔z↓v̂↔

= ↘(n↘ 2) z↓v̂
↔z↓v̂↔2 ,

we can write its drift as

µ2(z) := µ1(z) +
1

g(z)ω
2
1(z)̸g(z)

= (E + εI)z↘ (n↘ 2)ω2
1(z)

z↓v̂
↔z↓v̂↔2 (4.13)

and its rate function as

r2(z) := ρ̄↘ 1
2g(z)ω

2
1(z)#g(z)↘ 1

g(z) ↔µ1(z),̸g(z)↗

= ρ̄↘ 0 + (n↘ 2) ⇔(E+εI)z,z↓v̂↖
↔z↓v̂↔2

= ρ̄+ (n↘ 2) ⇔(E+εI)(z↓v̂),z↓v̂↖
↔z↓v̂↔2 + (n↘ 2) ⇔(E+εI)v̂,z↓v̂↖

↔z↓v̂↔2

= ρ̄+ (n↘ 2)ε+ (n↘ 2)
〈
(E + εI)v̂, z↓v̂

↔z↓v̂↔2

〉

= r↑ +
〈
v, z↓v̂

↔z↓v̂↔2

〉
, (4.14)

where we used (4.4) and Lemma 2.2 (ii) and then defined

r↑ := ρ̄+ (n↘ 2)ε and v := (n↘ 2)(E + εI)v̂.

We have therefore obtained the Feynman–Kac equation (4.12) for functions
measuring account values in units of dollars instead of c̄. In particular, it will
be fulfilled by the bond price function that measures the value of the bond in
dollars. Using (4.8) and (4.5), Lemmas 2.2 (iii) and 2.1 (iii), and the abbrevia-
tions

cω :=
(
e↓ω(E+εI) ↘ I

)
v̂

= 1
n↓2 (E + εI)↓1

(
e↓ω(E+εI) ↘ I

)
v (4.15)

and ϖ := T ↘ t, it is given by

B$
$,t+ω

(z, t) =
B$

c̄,t+ω
(z, t)

g(z)

=
e↓ς̄ω

∥∥eω(E+εI)z↘ v̂
∥∥2↓n

≃z↘ v̂≃2↓n
(4.16a)

=
e↓ς̄ωe(2↓n)εω

∥∥z↘ e↓ω(E+εI)v̂
∥∥2↓n

≃z↘ v̂≃2↓n
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=
e↓[ς̄+(n↓2)ε]ω

∥∥(z↘ v̂)↘
(
e↓ω(E+εI) ↘ I

)
v̂
∥∥2↓n

≃z↘ v̂≃2↓n

= e↓r→ω

∥∥∥∥
z↘ v̂

≃z↘ v̂≃ ↘ cω
≃z↘ v̂≃

∥∥∥∥
2↓n

= e↓r→ω
(
1↘ 2

〈
z↓v̂

↔z↓v̂↔2 , cω
〉
+ ≃cω≃2≃z↘ v̂≃↓2

)1↓n/2
(4.16b)

= e↓r→ω

∥∥∥∥≃cω≃
z↘ v̂

≃z↘ v̂≃2 ↘ cω
≃cω≃

∥∥∥∥
2↓n

. (4.16c)

In the last three steps, we successfully managed to lump all occurrences of the
term z↘v̂ together to better understand the function’s dependency on z, ending
up with just one expression of the form z↓v̂

↔z↓v̂↔2 , exactly as it occurs also in our

rate function r2(z) in (4.14).
Note also that by construction we have B$

$,T (z, t=T ) ∝ 1; to check this from
our formulas (4.16b)–(4.16c), simply observe that cω=0 = ϱ0. At this point, we
have therefore succeeded in defining a flexible single-currency interest rate model
that is unspanned with respect to the functional parameter ω1(z).

Unfortunately, (i) both the rate function r2(z) and the bond price function
B$

$,T (z, t) contain the expression z↓v̂
↔z↓v̂↔2 that blows up at v̂, (ii) the rate function

r2(z) is hard to interpret, and (iii) the functional parameter ω1(z) has bled
into the drift µ2(z), so that we cannot interpret ω1(z) solely as the size of the
noise anymore, and that the calibration of ω1 will change the attractor of the
stochastic state process. So next, we will address all three of these issues with
a single change of variables.

Step 3 (Change of variables). A look at both the rate function (4.14) and
the bond function (4.16b)–(4.16c) suggests that we should try looking at the
model in the variable

x :=
z↘ v̂

≃z↘ v̂≃2 (4.17)

instead. Not only will this simplify these functions significantly:3

r3(x) = r↑ + ↔v,x↗, (4.18)

B$
$,t+ω

(x, t) = e↓r→ω
(
1↘ 2↔x, cω ↗+ ≃cω≃2≃x≃2

)1↓n/2
(4.19a)

= e↓r→ω

∥∥∥∥≃cω≃x↘ cω
≃cω≃

∥∥∥∥
2↓n

; (4.19b)

they will also crucially make the bond function in (4.19b) harmonic in x.4 To
see why the latter is important, note the following:5

3For simplicity of notation, we will denote the x-based bond function with the same name
again.

4To see this, observe that the expression inside the outer norm only applies a simple scale
and shift to x, so that the harmonic property of the function x '( %x%2# n is inherited by
(4.19b).

5The reader may skip the next two paragraphs if they seem overwhelming on first reading.
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As we know, as we will carry out this change of variables, Itô’s formula will
add an additional term to our drift µ2 that originates from the noise term and
will therefore have ω2

1 as a prefactor. For a general given change of variables, it
would be an extraordinary stroke of luck if that additional term would happen to
cancel out the ω1-dependent second term in (4.13) from our change of numeraire,
which is what we want (see issue (iii) above). However, by ensuring that our
bond function satisfies #xB

$
$,T = 0, this will intuitively become a near certainty.

That is because just like how we had obtained (4.2a)–(4.2b), we can again let
ω1ℑ0 in our final x- and dollar-based Feynman–Kac PDE to show that B$

$,T will
make its ω1-dependent part vanish separately. Since B$

$,T also satisfies the PDE
#xB

$
$,T = 0, we can have high hopes that this is because that ω1-dependent part

is (a scalar multiple of) #x,6 which means that (a) the two ω1-dependent drift-
terms (i.e., the part’s first-order derivative terms) must actually have canceled
each other out, and (b) the change of variables has not a”ected the multiplicative
nature of the noise.

With this motivation and our hopes high, let us see what under the change
of variables (4.17) our Feynman–Kac PDE (4.12) turns into. Luckily,7 we have
actually already performed a change of variable of this type on a general SDE
in Section B.3, and according to (B.19) we obtain the following new drift and
noise functions:

ω3(x) :=
ω1(z)

≃z↘ v̂≃2 = ≃x≃2ω1

(
x

↔x↔2 + v̂
)
, (4.20)

µ3(x) :=
1

≃z↘ v̂≃2

(
I ↘ 2

(z↘ v̂)⊤ (z↘ v̂)

≃z↘ v̂≃2


µ2(z) +

(2↘ n)ω2
1(z)

≃z↘ v̂≃4 (z↘ v̂)

= ≃x≃2
(
I ↘ 2

x⊤ x

≃x≃2


µ2(z)↘ (n↘ 2)≃x≃2ω2

1(z)x

= ≃x≃2
(
I ↘ 2

x⊤ x

≃x≃2

[
(E + εI)

(
x

↔x↔2 + v̂
)
↘ (n↘ 2)ω2

1(z)x
]

↘ (n↘ 2)≃x≃2ω2
1(z, t)x

= (E ↘ εI)x+ 1
n↓2≃x≃

2

(
I ↘ 2

x⊤ x

≃x≃2


v

= (E ↘ εI)x+ 1
n↓2≃x≃

2v ↘ 2
n↓2 ↔v,x↗x. (4.21)

We can therefore conclude that the (ω3-independent) bond function in (4.19)
satisfies the Feynman–Kac PDE

(
↽t +

1
2ω

2
3(x)#+ ↔µ3(x),̸↗ ↘ r3(x)

)
B$

$,T (x, t) = 0, (4.22a)

B$
$,T (x, T ) = 1, (4.22b)

6Phrased di!erently: By the argument leading to (4.2), we know that in an unspanned
model whose functional parameter " 1(x) does not a!ect the drift, the bond price function
must satisfy ”B$

$,T = 0 (i.e., it is a necessary condition for issue (iii) to be resolved), and it
seems unlikely that this condition is satisfied by luck.

7This is in fact no coincidence: In the proof in Section B.3 we performed this change of
variables because already then we had realized that it would simplify our SDE.
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where ω3, µ3, and r3 are given by (4.20), (4.21), and (4.18), respectively. Here
the function ω3(x) can be chosen freely (by choosing ω1(z) correspondingly),
and in fact it can be chosen as a time-dependent function ω3(x, t).8 As these
formulas coincide with those introduced in Chapter 2, this completes our quick
derivation of the single-currency ACE model.

4.2 Multi-Currency Model

To generalize this to multiple currencies, we still introduce one artificial cur-
rency, but now with the constant short rate ρ̄ := 0, and for each of the multiple
real currencies c → C we define the exchange rate as the time-dependent function

gc(z, t) := ace↓ς
c
t≃z↘ v̂c≃2↓n (4.23)

for some currency-dependent scalars ac, ρc > 0 and vectors v̂c.9 In Step 1, this
would lead us to the bond price functions

Bc

c̄,T
(z, t) = ace↓ς

c
T
∥∥e(T↓t)(E+εI)z↘ v̂c

∥∥2↓n

. (4.24)

In Step 2, we would pick one of the real currencies as our base currency
(let us call it c0) and change the numeraire of the Feynman–Kac PDE to that
currency, as before. The calculations will now change as follows:

First, in (4.10), which will now have gc0(z, t) instead of g(z), the time deriva-
tive will now produce an additional term acting on gc0(z, t), and so in (4.11) we
will have to add ρc0 inside the parentheses in the last line, essentially replacing
the now vanishing ρ̄. Note that all other terms are una”ected since our new
factor ace↓ς

c
t passes right by all the z-derivatives and gets absorbed again when

dividing by gc0(z, t). The extra term ρc0 then finds its way into r2(z) in (4.14),
which we shall now call

rc02 (z) = rc0↑ +
〈
vc0 , z↓v̂c0

↔z↓v̂c0↔2

〉
, (4.25)

where we define

rc↑ := ρc + (n↘ 2)ε and vc := (n↘ 2)(E + εI)v̂c

for ↑c → C. The bond price calculation generalizes to the bonds of any currency c
as follows:

Bc

c0,t+ω
(z, t) =

Bc

c̄,t+ω
(z, t)

gc0(z, t)

=
ace↓ς

c(t+ω)
∥∥eω(E+εI)z↘ v̂c

∥∥2↓n

ac0e↓ςc0 t≃z↘ v̂c0≃2↓n

8Our derivation did not use time-dependent noise merely for simplicity of notation.
9We could have used this generalized form in the single-currency case as well, but (i) when

dealing with only one currency, the additional factor ac0 would have canceled out in Step 2
and disappeared from our model, and (ii) the approach via &̄ (which only works for the single-
currency model) seems more intuitive than the equivalent approach of making the exchange
rate time-dependent.
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=
ace↓ς

c(t+ω)e(2↓n)εω
∥∥z↘ e↓ω(E+εI)v̂c

∥∥2↓n

ac0e↓ςc0 t≃z↘ v̂c0≃2↓n

=
ace↓[ςc+(n↓2)ε](t+ω)

∥∥(z↘ v̂c0)↘
(
e↓ω(E+εI)v̂c ↘ v̂c0

)∥∥2↓n

ac0e↓[ςc0+(n↓2)ε]t≃z↘ v̂c0≃2↓n

=
ace↓r

c
→(t+ω)

ac0e↓r
c0→ t

∥∥∥∥
z↘ v̂c0

≃z↘ v̂c0≃ ↘ cc
ω

≃z↘ v̂c0≃

∥∥∥∥
2↓n

=
ace↓r

c
→(t+ω)

ac0e↓r
c0→ t

(
1↘ 2

〈
z↓v̂c0

↔z↓v̂c0↔2 , c
c

ω

〉
+ ≃cc

ω
≃2≃z↘ v̂c0≃↓2

)1↓n/2

=
ace↓r

c
→(t+ω)

ac0e↓r
c0→ t

∥∥∥∥≃c
c

ω
≃ z↘ v̂c0

≃z↘ v̂c0≃2 ↘ cc
ω

≃cc
ω
≃

∥∥∥∥
2↓n

, (4.26)

where now we defined

cc
ω
:= e↓ω(E+εI)v̂c ↘ v̂c0

= 1
n↓2 (E + εI)↓1

(
e↓ω(E+εI)vc ↘ vc0

)
. (4.27)

In Step 3, we now perform the change of variables

x :=
z↘ v̂c0

≃z↘ v̂c0≃2 , (4.28)

which leads us to the same functions ω3(x) and µ3(x) as before, except with vc0

instead of v, and to the bond functions

Bc

c0,t+ω
(x, t) =

ace↓r
c
→(t+ω)

ac0e↓r
c0→ t

(
1↘ 2↔x, cc

ω
↗+ ≃cc

ω
≃2≃x≃2

)1↓n/2

=
ace↓r

c
→(t+ω)

ac0e↓r
c0→ t

∥∥∥∥≃c
c

ω
≃x↘ cc

ω

≃cc
ω
≃

∥∥∥∥
2↓n

. (4.29)

Using these bond functions, we can then easily derive the formulas for the
forward exchange rates in general,

ac1/c2
t+ω

(x, t) = Bc1
c0,t+ω

(x, t)/Bc2
c0,t+ω

(x, t)

=
ac1 · e↓r

c1
→ (t+ω) ·

∥∥≃cc2
ω
≃x↘ cc2

ω

↔cc2
ω ↔

∥∥n↓2

ac2 · e↓r
c2→ (t+ω) ·

∥∥≃cc1ω ≃x↘ c
c1
ω

↔cc1
ω ↔

∥∥n↓2 , (4.30)

and the currency spot exchange rates in particular,

ac1/c2(x, t) = ac1/c2
t

(x, t)

=
ac1 · e↓r

c1
→ t ·

∥∥≃cc2≃x↘ cc2

↔cc2↔
∥∥n↓2

ac2 · e↓r
c2→ t ·

∥∥≃cc1≃x↘ cc1

↔cc1↔
∥∥n↓2 , (4.31)
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where we defined

cc := cc
ω=0 = v̂c ↘ v̂c0

= 1
n↓2 (E + εI)↓1(vc ↘ vc0) (4.32)

for ↑c → C. In particular, since cc0 = ϱ0, we have to interpret

∥∥≃cc0≃x↘ cc0

↔cc0↔
∥∥ =

(
≃cc0≃2≃x≃2 ↘ 2↔cc0 ,x↗+ 1

)1/2
= 1

and therefore

ac1/c0(x, t) = a
c1

ac0
e(r

c0
→↓r

c1
→ )t

∥∥≃cc1≃x↘ cc1

↔cc1↔
∥∥2↓n

, (4.33)

and so we find that the price of a c1-bond expressed in units of an arbitrary
currency c2 is given by

Bc1
c2,t+ω

(x, t) =
Bc1

c0,t+ω
(x, t)

ac2/c0(x, t)
=

a
c1e↑r

c1→ (t+ω)

ac0e↑r
c0→ t

∥∥≃cc1
ω
≃x↘ cc1

ω

↔cc1
ω ↔

∥∥2↓n

ac2

ac0
e(r

c0→↓r
c2→ )t

∥∥≃cc2≃x↘ cc2

↔cc2↔
∥∥2↓n

=
ac1 · e↓r

c1
→ (t+ω) ·

∥∥≃cc2≃x↘ cc2

↔cc2↔
∥∥n↓2

ac2 · e↓r
c2→ t ·

∥∥≃cc1ω ≃x↘ c
c1
ω

↔cc1
ω ↔

∥∥n↓2 . (4.34)

Finally, since the short rate of any currency is determined merely by its bond
price function expressed in units of that same currency, and since in Step 1 we
had defined our model completely symmetrically in all real currencies, the short
rate function (4.25) must generalize to

rc2(z) = rc↑ +
〈
vc, z↓v̂c

↔z↓v̂c↔2

〉

for ↑c → C, and therefore to

rc3(x) = rc↑ +
〈
vc, Gc(x)

〉
, (4.35)

where

Gc(x) :=
z↘ v̂c

≃z↘ v̂c≃2

∣∣∣∣
z=z(x)

=

(
x

↔x↔2 + v̂c0
)
↘ v̂c

∥∥( x
↔x↔2 + v̂c0

)
↘ v̂c

∥∥2

=
x

↔x↔2 ↘ cc

∥∥ x
↔x↔2 ↘ cc

∥∥2
. (4.36)

We have thus defined a multi-currency model with all the key formulas intro-
duced in Chapter 3, concluding our quick derivation of also the multi-currency
ACE model.



4.3. DISCUSSION 109

4.3 Discussion

Ideas leading to the quick derivation. Given the model equations pre-
sented in Chapters 2–3, what has led us to the strategy behind the quick deriva-
tion in the present chapter?

First, as the multi-currency model had to allow for general non-normalized
weight vectors vc, the question of what would happen if vc = ϱ0 for some cur-
rency c was a natural one to ask, which led to the idea of the optional canonical
parametrization proposed in Section 3.12 via the introduction of an artificial
currency with a constant short rate. The next natural question to ask was then
whether it would make sense to use this idea also in the single-currency model.

This idea would eventually lead to the insight that Pelts’ strategy of first
modeling “numeraire-free” values of assets and then obtaining the classical val-
ues measured in dollars in a final step by taking ratios (see Section 5.1) is really
equivalent to using “values expressed in units of an artificial currency” first and
then changing the numeraire.

Finally, our formula (2.54)–(2.56) for the zero-noise process Ut had long
indicated that a change of variables z := x

↔x↔2 + v̂ would lead to a linear drift,
and therefore likely to a more insightful representation of the model that would
be simpler at least in some aspects, even though this parametrization of the
model would be less useful in practice (since it moves the attractor ϱ0 to ⇔ and
complicates our rate function r(x)).

Comparison to the original derivation. Historically, however, the ap-
proach presented in this chapter was not the way in which the ACE model
was originally developed, and how its Rn-based model equations were first un-
earthed. Those who may now wonder whether the strategy outlined above would
not have been much more “obvious” than the extremely abstract path on which
Pelts had chosen to embark, should keep in mind the following:

First, Pelts’ original approach aimed at (and succeeded in) creating an un-
spanned interest rate modeling framework with maximal generality. In Step 1,
we make our lives easy by choosing Ut as a semigroup of linear conformal maps,
well knowing that there are further conformal maps that might work if they only
interacted nicely with g. And indeed, Pelts’ use of a unified representation of
conformal maps as pseudo-orthogonal maps in Minkowski space is guaranteed to
cover all semigroups of conformal maps, including the maps of the form Hc(x)
introduced in Section 3.6.4 that are nonlinear in Rn but linear in the Minkowski
space representation (see Section 8.7). So it was feasible to think that this might
have led to a more general model, and it was only after careful gauge fixing and
changes of variables that it became clear that the specific semigroup (Uω )ω→0

used here actually already provides maximal generality.
Second, one should not fail to appreciate the apparent outrageous luck in

our quick derivation that the final change of variables z ℜ∋ x has exactly the
properties we need: Not only does it not lead to any regularity issues near
x = ϱ0 as it maps the “attractor” z = ⇔ to x = ϱ0, it also happens to be angle-
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preserving (except for the sign of the angle) and therefore crucially preserves
the multiplicative nature of our SDE’s noise, and it perfectly cancels out the
ω1-dependent part of the drift.10 Only from Pelts’ framework, in which all
currencies (including the artificial one) are treated completely symmetrically, do
we know that all this in fact wasn’t luck at all, since the final step in Chapter 8
gave us a lot of freedom how to map its abstract state space back to Rn in a
conformal manner, with one way leading to the parametrization z (to be used
for c̄ as the numeraire)11 and another way leading to the parametrization x (to
be used for c0).

Third, what may be considered as unnecessarily di!cult and abstract by
many mathematicians or financial engineers, may come much more naturally to
some trained theoretical physicists like Pelts for whom many of the concepts and
techniques in his framework are second nature. Indeed, Pelts’ original paper [1]
is considerably more compact than our presentation in Chapters 5–9, as it does
not feel the need to teach any of these techniques.

Finally, there are a lot of ingenious mathematical techniques to learn from
Pelts’ general interest rate modeling framework, and several types of powerful
abstractions that shed light on what we are really doing in this quick derivation;
in particular, his use of sections as numeraire-free asset values is a very powerful
modeling technique that may well prove useful in other problems. We would
therefore definitely advise the reader to invest the time and read on.

10While, as we had explained at the beginning of Step 3, this can be rationalized by observing
that this change of variables makes the bond price function harmonic, that did not need to be
the case with the same change of variables that gives r3(x) its simplest possible form. More
so, the fact that the bond price function given by (4.16a) can be made harmonic at all via
any ' -independent change of variables is not to be taken for granted.

11More precisely, the ACE framework would base c̄ on z& := z/%z%2 instead (which also
fixes the sign switch in ( in our proof); we absorbed this inversion in the starting point of our
proof to simplify our calculations.
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Supporting Material for
Chapter 1

A.1 Recombining HJM Models

To understand the notion of a recombining HJM model, let us take a look at
the simplest one-dimensional example of a noise function of the form (1.7).

Example and definition. Consider the HJM model (1.5) with the determin-
istic noise process

ωt(s) := φ e↓ε(s↓t)

for 0 ∞ t ∞ s, where φ,ε > 0 are model parameters. The HJM drift formula (1.6)
then tells us that to obtain a consistent model, we must use the drift

µt(s) = ωt(s)
∫
s

t
ωt(u) du = φ

2

ε
(e↓ε(s↓t) ↘ e↓2ε(s↓t)).

The SDE (1.5) starting from the state f0 at time t = 0 is solved by

ft(s) = f0(s) +
∫
t

0 µu(s) du+
∫
t

0 ωu(s) dWu

= f0(s) +
φ
2

ε2

[(
e↓ε(s↓t) ↘ e↓εs

)
↘ 1

2

(
e↓2ε(s↓t) ↘ e↓2εs

)]

+ φ
∫
t

0 e↓ε(s↓u) dWu ,

which can be written as
ft(s) = F (Xt, t; s) (A.1)

for 0 ∞ t ∞ s, where

F (x, t; s) := f0(s) + x1e
↓ε(s↓t) + x2e

↓2ε(s↓t), (A.2)

Xt :=
(

φ
2

ε2 (1↘ e↓εt) + φ
∫
t

0 e↓ε(t↓u) dWu , ↘ φ
2

2ε2 (1↘ e↓2εt)
)
. (A.3)

261
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This shows that although HJM processes may generally explore their full
infinite-dimensional state space at any given time t, for this specific choice
of ωt(s) the process remains confined to some two-dimensional a!ne subspace,
parameterized by the two-dimensional process (Xt)t→0 via the function F (x, t; s).
We say that an HJM model like this one whose forward rate process can be writ-
ten in the form (A.1), for some function F (x, t; s) and some finite-dimensional
process (Xt)t→0, recombines. This property is desirable since it reduces the
model dynamics to the dynamics of a finite-dimensional process without any
loss of accuracy (in contrast to the dimension reduction via brute-force dis-
cretization or the use of the BGM approach, both of which cannot accurately
be undone via straightforward interpolation).

Observations. Note that the parameter φ in our example does not enter our
formula (A.2) for F , and thus our bond price formula

B$,T (x, t) = exp
(
↘
∫
T

t
F (x, t; s) ds

)
(A.4)

in this parametrization. This remains true even when this calculation is gen-
eralized to a time-dependent parameter φ(t), and so in the finite-dimensional
reformulation of this generalized model the functional parameter φ(t) is un-
spanned.

Furthermore, observe that we could in fact have chosen (Xt)t→0 as a one-
dimensional process (by including its second component in the definition of F
instead), but then F would no longer have been independent of φ. Unlike
completeness, the universally valid unspannedness of HJM models is not nec-
essarily inherited by their finite-dimensional reformulations if they recombine;
unspannedness of a parameter φ(t) only survives the dimension reduction if this
parameter does not enter the formula for F .

Equivalence to the short rate approach. Our example suggests that there
are two ways of constructing a model with all of our desired features listed in
Section 1.1: One can either try to define a short rate model in such a way that
one obtains an explicit bond price function that makes the model unspanned,
or one can look for a recombining HJM model that preserves its unspannedness
(just as the one in our example).

In fact, these two approaches are not as distinct as they may appear: Any
recombining HJM model can be written as a short rate model since its short
rate can be expressed as

rt = ft(t) = F (Xt, t; t) =: r(Xt, t); (A.5)

on the other hand, any short rate model can be written in the form (A.1) of a
recombining HJM model since its forward rate process can be expressed as

ft(s) = ↘↽s logB$,s(Xt, t) =: F (Xt, t; s), (A.6)

with the function B$,s(x, t) given by (1.3).
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The two approaches, which are both based on the same process (Xt)t→0, have
an explicit bond price function (given by (A.4)) if and only if the function F
in the parametrization of the HJM model is known explicitly. Furthermore,
since they share the same bond price function, any given model parameter is
unspanned in one formulation if and only if it is unspanned in the other. Both
approaches therefore lead to the same class of models, and so one may choose
whichever one seems more tractable, without restricting the outcome a priori.

Our derivation of the ACE model in Chapters 5–8 follows neither of the two
approaches; instead, our starting point lies right in between: We will construct
a process (Xt)t→0 and a function F (x, t; s) (or equivalently, a family of functions
B$,T (x, t)) that does not depend on our functional noise parameter, in such a
way that all of our desired properties listed in Section 1.1 are fulfilled. Only at
the very end is our model then rewritten in the more familiar form of a short
rate model, as presented in Chapter 2.

Example (continued). To illustrate the equivalence of the two approaches,
consider again the recombining HJM model from our example above. Follow-
ing our instructions for converting this model into its short rate formulation
(r(Xt, t))t→0, by (A.5) and (A.2) we obtain the short rate function

r(x, t) = F (x, t; t) = f0(t) + x1 + x2 , (A.7)

while the two-dimensional process (Xt)t→0 is simply the one given in (A.3). The
bond price function B$,T (x1,x2, t), obtained by plugging (A.2) into (A.4), does
not depend on φ, and so the short rate formulation inherits the unspannedness
of this parameter from our original HJM model.

In fact, going one step further and plugging (A.3) into (A.7), we obtain the
explicit formula

rt = r(Xt, t) = f0(t) +
φ
2

2ε2

(
1↘ e↓εt

)2
+ φ

∫
t

0 e↓ε(t↓u) dWu

for the short rate process, which satisfies the SDE

drt =
[
f ↙0(t) +

φ
2

2ε2

(
2εe↓εt ↘ 2εe↓2εt

)
↘ φε

∫
t

0 e↓ε(t↓u) dWu

]
dt+ φ dWt

= ↘ε
(

f0(t) +
φ
2

2ε2

(
1↘ e↓εt

)2
+ φ

∫
t

0 e↓ε(t↓u) dWu

)

↘
(
f0(t) +

1
ε
f ↙0(t) +

φ
2

2ε2

(
1↘ e↓2εt

))
dt+ φ dWt

= ↘ε
(
rt ↘ θ(t)

)
dt+ φ dWt ,

with θ(t) := f0(t) +
1
ε
f ↙0(t) +

φ
2

2ε2

(
1↘ e↓2εt

)
.

We therefore see that the model was in fact nothing but the HJM reformula-
tion of the Hull–White short rate model with mean reversion rate ε, reversion
target θ(t), and noise coe!cient φ.

To recover the standard Hull–White bond price function B$,T (r, t) (i.e.,
the one based on the short rate r as the state variable) from the function
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B$,T (x1,x2, t), we can successively substitute x1 = r ↘ f0(t) ↘ x2 and then

x2 = ↘ φ
2

2ε2 (1↘ e↓2εt). Note, however, that this formula will depend on φ, and
so in this standard one-dimensional form of the Hull–White model the param-
eter φ—or in the generalized case φ(t)—is not unspanned.



Appendix B

Proofs for Chapter 2

B.1 Mapping the State Space to a Ball

To prepare also for our proof of of Lemma 8.10 (ii) later in Section 8.11, we
will prove a statement that is slightly more general than necessary for us at this
point, at very little extra cost. For the purposes of Chapter 2, we will only need
to consider the case u = ϱ0.

Lemma B.1. For any fixed a → Rn \M0 the following statements hold:

(i) The function

g : Rn \ {a} ∋ Rn \ {ϱ0}, g(x) :=
x↘ a

≃x↘ a≃2 ,

is a bijection.

(ii) The image g(M0) is the open ball with radius ↘ 1
2r(a) > 0 and center ↘ 1

2r(a)v.

Furthermore, we have g(M0) = g(M0)\{ϱ0}, i.e., the image g(M0) is the closure
of this ball with only the origin ϱ0 removed from its boundary.

(iii) Let the generalized drift be defined as

µ(x) = u+ (↘εI + E)x+ 1
n↓2≃x≃

2v ↘ 2
n↓2 ↔v,x↗x (B.1)

for ↑x → Rn, where u → Rn is an additional parameter. Then the image

µ̃ := (̸g · µ) ◦ g↓1 (B.2)

of µ under g (i.e., the vector field whose flowlines are the images of the flowlines
of µ) is given by

µ̃(x) = ũ+ (↘ε̃I + Ẽ)x+ 1
n↓2≃x≃

2ṽ ↘ 2
n↓2 ↔ṽ,x↗x , (B.3a)

where

ε̃ := ↘ε↘ 2
n↓2 ↔v,a↗, ũ := 1

n↓2v, (B.3b)

Ẽ := E + 2
n↓2 (va

T ↘ avT ), ṽ := (n↘ 2)µ(a). (B.3c)

265



266 APPENDIX B. PROOFS FOR CHAPTER 2

(iv) In particular, at x = ϱ0 → ↽(g(M0)) the drift µ̃(ϱ0) = 1
n↓2v given by (B.3a)

points towards the center of the ball g(M0), and so no flowline of µ̃ starting
from g(M0) can exit g(M0) near ϱ0.

Proof. (i) The function g is a bijection since it maps into Rn \ {ϱ0}, and since its
inverse g↓1(x) = x

↔x↔2 + a is well defined on all of Rn \ {ϱ0} and returns values

in Rn \ {a}.

(ii) Using that r(a) < 0 by (2.14a)–(2.14b), we see that the set g(M0) consists
of all points x̃ → Rn \ {ϱ0} with g↓1(x̃) → M0, i.e., with

0 < r↑ +
〈
v, g↓1(x̃)

〉
= r↑ +

〈
v, x̃

↔x̃↔2 + a
〉

= r(a) +
〈
v, x̃

↔x̃↔2

〉
= r(a)

↔x̃↔2

(
≃x̃≃2 +

〈
v

r(a) , x̃
〉)

= r(a)
↔x̃↔2

(∥∥x̃+ v
2r(a)

∥∥2 ↘ ↔v↔2

4r(a)2

)

△ ↔v↔2

4r(a)2 >
∥∥x̃+ v

2r(a)

∥∥2,

and so g(M0) is an open ball with radius ↔v↔
2|r(a)| = ↘ 1

2r(a) and center ↘ v
2r(a) .

The statement about g(M0) is shown analogously.

(iii) To understand the formula (B.2), observe that given any flowline x(t) of µ,
i.e., any solution of the ODE d

dtx(t) = µ(x(t)), according to the chain rule, its
image x̃(t) := g(x(t)) under g satisfies the ODE

d
dt x̃(t) = (̸g)(x(t)) · d

dtx(t) = (̸g · µ)(x(t)) = ((̸g · µ) ◦ g↓1)(x̃(t)),

i.e., it is a flowline of the vector field (̸g · µ) ◦ g↓1.
To compute µ̃ explicitly, we write our map as g = g2◦g1, where g1(x) := x↘a

and g2(x) :=
x

↔x↔2 , and carry out our calculation in two steps. The image of µ
under g1 is

µ↙(x) =
(
(̸g1 · µ) ◦ g↓1

1

)
(x) = µ(x+ a)

= u+ (↘εI + E)(x+ a) + 1
n↓2≃x+ a≃2v ↘ 2

n↓2 ↔v,x+ a↗(x+ a)

= u↙ + (↘ε↙I + E↙)x+ 1
n↓2≃x≃

2v↙ ↘ 2
n↓2 ↔v

↙,x↗x,

where ε↙ := ε+ 2
n↓2 ↔v,a↗, E

↙ := E + 2
n↓2 (va

T ↘ avT ), v↙ := v, and

u↙ := u+ (↘εI + E)a+ 1
n↓2≃a≃

2v ↘ 2
n↓2 ↔v,a↗a = µ(a),

i.e., µ preserves its shape under this type of transformation. Note that E↙ is
antisymmetric again (just like E, recall (2.4)).

The vector field µ̃ is now the image of µ↙ under g2. Abbreviating x̃ := g2(x),
it is given by

µ̃(x̃) =
(
(̸g2 · µ↙) ◦ g↓1

2

)
(x̃) =

(
̸g2 · µ↙)(x)

= 1
↔x↔2

(
I ↘ 2 xxT

↔x↔2

)
µ↙(x)
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= ≃x̃≃2
(
I ↘ 2 x̃x̃T

↔x̃↔2

)
µ↙( x̃

↔x̃↔2

)

= ≃x̃≃2
(
I ↘ 2 x̃x̃T

↔x̃↔2

)
u↙ + (↘ε↙I + E↙) x̃

↔x̃↔2

+ 1
n↓2

∥∥ x̃
↔x̃↔2

∥∥2v↙ ↘ 2
n↓2

〈
v↙, x̃

↔x̃↔2

〉
x̃

↔x̃↔2



=
(
I ↘ 2 x̃x̃T

↔x̃↔2

)
≃x̃≃2u↙ + (↘ε↙I + E↙)x̃+ 1

n↓2v
↙ ↘ 2

n↓2
⇔v↓

,x̃↖x̃
↔x̃↔2



= ≃x̃≃2u↙ ↘ 2↔u↙, x̃↗x̃+ (ε↙I + E↙)x̃+ 1
n↓2v

↙

= ũ+ (↘ε̃I + Ẽ)x̃+ 1
n↓2≃x̃≃

2ṽ ↘ 2
n↓2 ↔ṽ, x̃↗x̃,

where ũ := 1
n↓2v

↙, ε̃ := ↘ε↙, Ẽ := E↙, and ṽ := (n ↘ 2)u↙. (In the next to
last step we used that E↙ is antisymmetric and therefore has the property in
Lemma 2.2 (ii).) Plugging in our formulas for ε↙, E↙, v↙, and u↙ above now
completes our proof of (B.3).

(iv) We have µ̃(ϱ0) = ũ = 1
n↓2v, which points towards the center ↘ 1

2r(a)v of the

ball g(M0).

B.2 The Feller Condition On The Unit Ball

To prepare for our proof of Lemma 2.4 later in Section B.3, we will first prove a
variant of the classical Feller condition that is interesting in its own right. The
classical Feller condition states that the simple one-dimensional CIR model [15]
given by the SDE

dRt = b(Rt) dt+ ω(Rt) dWt , Rt=0 = r0,

where b(r) :=↘⇁(r↘r↑) and ω(r) := ω0
▽
r for some parameters r0, r↑, ⇁,ω0 > 0,

is guaranteed to have a unique strong solution that is confined to (0,⇔) for
↑t ↓ 0 if only we have

1
2ω

2
0 < b(0). (B.4)

A generalization of this condition to the class of a!ne models is provided in [20].
The version we prove here applies to general SDEs with isotropic noise that

are defined on the open unit ball B in Rn. For such SDEs, it states that
if the drift points inwards near ↽B, if the noise vanishes near ↽B at some
specific rate that depends on the radial component of the drift (or faster), and
if certain other technical conditions are met, then there exists a unique strong
solution that is confined to B (i.e., that never reaches ↽B) for ↑t ↓ 0. This
condition, (B.6), is analogous to (B.4); however, note that it manages to avoid
the need to evaluate the drift on the boundary ↽B itself, thus allowing also for
the degenerate situation in which the drift itself vanishes on the boundary as
well.1

1This will be important in our degenerate case ) = 0 at the point x = xmin.



268 APPENDIX B. PROOFS FOR CHAPTER 2

Lemma B.2 (Feller condition on the unit ball). Denoting the open unit ball
in Rn by B := {y → Rn | ≃y≃ < 1}, let the three continuous functions
b : B ↙ [0,⇔) ∋ Rn, ω : B ↙ [0,⇔) ∋ (0,⇔), and A : B ↙ [0,⇔) ∋ Rn⇒n

be given, where A(y, t) is assumed to be an orthogonal matrix for ↑y → B and
↑t ↓ 0, and suppose that for some T > 0 the following conditions are satisfied:
(i) All three functions of (y, t) are locally Lipschitz continuous in y uniformly
in t → [0, T ],2 (ii) we have

sup
y↗B

t↗[0,T ]

|↔b(y, t),y↗| < ⇔, (B.5)

and (iii) there ¬ρ,ς → (0, 1) such that for ↑y → Rn with 1↘ ρ < ≃y≃ < 1 and
for ↑t → [0, T ] we have

ω2(y, t) ∞ ↘2ς↔b(y, t),y↗(1↘ ≃y≃). (B.6)

Then for each y0 → B the SDE

dYt = b(Yt, t) dt+ ω(Yt, t)A(Yt, t) dWt , Yt=0 = y0 (B.7)

has a unique strong solution (Yt)t↗[0,T ] that remains in B for ↑t → [0, T ] almost
surely.

If these conditions hold for ↑T > 0, then (B.7) has a unique strong solution
(Yt)t→0 that remains in B for ↑t ↓ 0 almost surely.

Proof. To prove the first part, let T > 0 be fixed, and let ρ → (0, 1) and ς → (0, 1)
be chosen such that (B.6) holds. By decreasing ρ if necessary, let us assume
that ρ is so small that ς̄ := ς/(1↘ 1

2ρ) is still in (0, 1). Then since for ↑y → Rn

with 1↘ ρ < ≃y≃ < 1 we have

2(1↘≃y≃) =
2
(
1↘ ≃y≃2

)

1 + ≃y≃ =
2
(
1↘ ≃y≃2

)

2↘ (1↘ ≃y≃) <
2
(
1↘ ≃y≃2

)

2↘ ρ
=

1↘ ≃y≃2

1↘ 1
2ρ

, (B.8)

our condition (B.6) implies that for all such y and for ↑t → [0, T ] we have

ω2(y, t) ∞ ↘ς̄↔b(y, t),y↗
(
1↘ ≃y≃2

)
. (B.9)

Now given any ⇀ →
(
0, 1↘≃y0≃2

)
, let us denote Bϖ := {y → Rn | ≃y≃2 < 1↘⇀}

(note that y0 → Bϖ), and let bϖ : Rn ↙ [0, T ] ∋ Rn, ωϖ : Rn ↙ [0, T ] ∋ (0,⇔),
and Aϖ : Rn ↙ [0, T ] ∋ Rn⇒n be functions that coincide with b, ω, and A on
B̄ϖ↙ [0, T ], respectively, and that are bounded and globally Lipschitz continuous
in y uniformly in t → [0, T ].3 Then according to the standard existence and
uniqueness result in [32, Chapter 5.2] or [33, Chapter 5, Theorem 2.9], the SDE

dY ϖ

t
= bϖ(Y

ϖ

t
, t) dt+ ωϖ(Y

ϖ

t
, t)Aϖ(Y

ϖ

t
, t) dWt , Y ϖ

t=0 = y0 (B.10)

2I.e., for ) y ! B there - %,K > 0 such that for ) y1,y2 ! B with %y1 " y% < %
and %y2 " y% < % and for ) t ! [0, T ] we have %b(y1, t) " b(y2, t)% , K%y1 " y2%,
|" (y1, t) " " (y2, t)| , K%y1 " y2%, and %A(y1, t) " A(y2, t)% , K%y1 " y2%.

3One way of achieving this is to set b" (y, t) := b
!
(1 " %) y

' y ' , t
"
etc. for ) y ! Rn \ B̄" and

for ) t ! [0, T ].
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has a unique strong solution (Y ϖ

t
)t↗[0,T ] (with values in all of Rn).

Defining the stopping time ϖϖ := inf

t → [0, T ] |Y ϖ

t
/→ Bϖ


→ (0, T ] ∈ {⇔},

we have ≃Y ϖ

ωε∝T
≃2 ∞ 1 ↘ ⇀, with equality holding if and only if ϖϖ ∞ T .

Setting ⇁ := ς̄↓1 ↘ 1 > 0, by Chebyshev’s inequality the events Qϖ :=
{↑t → [0, T ] : Y ϖ

t
→ Bϖ} = {ϖϖ = ⇔} (which increase with decreasing ⇀) therefore

fulfill

P(Qc

ϖ
) = P(ϖϖ ∞ T ) = P

(
≃Y ϖ

ωε∝T
≃2 = 1↘ ⇀

)
= P

(
(1↘ ≃Y ϖ

ωε∝T
≃2)↓↼ = ⇀↓↼

)

∞ ⇀↼E
(
1↘ ≃Y ϖ

ωε∝T
≃2
)↓↼

.

Now suppose that we can find an upper bound on E
(
1 ↘ ≃Y ϖ

ωε∝T
≃2
)↓↼

that
does not depend on ⇀. Then we can conclude that limϖ⇑0 P(Qϖ) = 1, and
so choosing any sequence (⇀k)k↗N that monotonically decreases to 0, the dis-

joint sets Ck := Qϖk \
⋃

k↓1
i=1 Qϖi fulfill

⋃
k

i=1 Ck = Qϖk and thus P
(⋃↑

i=1 Ck

)
=

limϖ⇑0 P(Qϖ) = 1. This allows us to fully define a process (Yt)t↗[0,T ] as Yt(▷) :=

Y ϖk
t

(▷) for ▷ → Ck (and arbitrarily on the remaining set
(⋃↑

i=1 Ck

)c
, which is

of measure zero).
By definition of the sets Ck ⊥ Qϖk this process only takes values in⋃↑

k=1 Bϖk = B almost surely. Furthermore, since the processes (Y ϖk
t

)t↗[0,T ] sat-
isfy (B.10) and on Ck take values in Bϖk , where bϖk , ωϖk , and Aϖk coincide with
b, ω, and A, respectively, we find that on each set Ck we have

Yt = Y ϖk
t

= y0 +

∫
t

0
bϖk(Y

ϖk
s

, s) ds+

∫
t

0
ωϖk(Y

ϖk
s

, s)Aϖk(Y
ϖk
s

, s) dWs

= y0 +

∫
t

0
b(Y ϖk

s
, s) ds+

∫
t

0
ω(Y ϖk

s
, s)A(Y ϖk

s
, s) dWs

= y0 +

∫
t

0
b(Ys, s) ds+

∫
t

0
ω(Ys, s)A(Ys, s) dWs

for ↑t → [0, T ], which shows that (Yt)t↗[0,T ] satisfies (B.7).

To show uniqueness, suppose that there were another solution (Ŷt)t↗[0,T ]

with P(Ŷá ↖= Yá) > 0. Then for su!ciently small ⇀ > 0 the event

Gϖ :=

Ŷá ↖= Yá and ↑t → [0, T ] : Ŷt, Yt → Bϖ



would have positive probability as well (since limϖ⇑0 P(Gϖ) = P(Ŷá ↖= Yá) > 0),
and so at least one of the two events G1

ϖ
:= {Y ϖ

á ↖= Ŷá} ∃ Gϖ and G2
ϖ

:=
{Y ϖ

á ↖= Yá} ∃ Gϖ would have to have positive probability as well. Depending
on which of the two events it is, we could then modify the process (Y ϖ

t
)t↗[0,T ]

to take the values of (Ŷt)t↗[0,T ] on G1
ϖ
or of (Yt)t↗[0,T ] on G2

ϖ
instead, and ob-

tain a di”erent process that still solves (B.10), contradicting the uniqueness of
(Y ϖ

t
)t↗[0,T ]. This shows that our constructed solution (Yt)t↗[0,T ] of (B.7) must

be unique, thus concluding our proof of the first part of this lemma.

To complete the proof of that part, it therefore only remains to prove an

upper bound on E
(
1 ↘ ≃Y ϖ

ωε∝T
≃2
)↓↼

that does not depend on ⇀. To find it, let
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us abbreviate Dϖ

t
:= 1 ↘ ≃Y ϖ

ωε∝t
≃2 and Zϖ

t
:= (Dϖ

t
)↓↼ =

(
1 ↘ ≃Y ϖ

ωε∝t
≃2
)↓↼

for
t → [0, T ]; in this notation, we need to find a bound on EZϖ

T
.

Given any t → [0, T ), on {ϖϖ ∞ t} we have dZϖ

t
= ϱ0, while on {ϖϖ > t} by

Itô’s Lemma we have

dZϖ

t
= ↘⇁(Dϖ

t
)↓↼↓1↔↘2Y ϖ

t
, dY ϖ

t
↗

+
1

2


dY ϖ

t
,

2⇁(Dϖ

t
)↓↼↓1 · I + ⇁(⇁ + 1)(Dϖ

t
)↓↼↓2 · 4Y ϖ

t
⊤ Y ϖ

t


dY ϖ

t



= 2⇁(Dϖ

t
)↓↼↓1↔Y ϖ

t
, bϖ(Y

ϖ

t
, t)↗ dt

+ ω2
ϖ
(Y ϖ

t
, t)


dWt, Aϖ(Y

ϖ

t
, t)T


⇁(Dϖ

t
)↓↼↓1 · I

+ 2⇁(⇁ + 1)(Dϖ

t
)↓↼↓2 · Y ϖ

t
⊤ Y ϖ

t


Aϖ(Y

ϖ

t
, t) dWt



+ 2⇁(Dϖ

t
)↓↼↓1ωϖ(Y

ϖ

t
, t)↔Y ϖ

t
, Aϖ(Y

ϖ

t
, t) dWt↗.

Applying Lemma 2.1 to the orthogonal matrix A(Y ϖ

t
, t)T , the second of these

three terms can be written as

ω2
ϖ
(Y ϖ

t
, t)


dWt,


⇁(Dϖ

t
)↓↼↓1 · I

+ 2⇁(⇁ + 1)(Dϖ

t
)↓↼↓2 ·

(
Aϖ(Y

ϖ

t
, t)TY ϖ

t

)
⊤
(
Aϖ(Y

ϖ

t
, t)TY ϖ

t

)
dWt



= ω2
ϖ
(Y ϖ

t
, t) · tr[ . . . ] dt

= ω2
ϖ
(Y ϖ

t
, t)


⇁(Dϖ

t
)↓↼↓1 · n+ 2⇁(⇁ + 1)(Dϖ

t
)↓↼↓2

∥∥Aϖ(Y
ϖ

t
, t)TY ϖ

t

∥∥2

dt

= ⇁Zϖ

t
ω2
ϖ
(Y ϖ

t
, t)(Dϖ

t
)↓1

(
n+ 2(⇁ + 1)(Dϖ

t
)↓1≃Y ϖ

t
≃2
)
dt.

Since on {ϖϖ > t} we have Y ϖ

t
→ Bϖ, which allows us to remove the index ⇀ from

bϖ, ωϖ, and Aϖ, we therefore obtain

dZϖ

t
= ⇁Zϖ

t


2(Dϖ

t
)↓1↔Y ϖ

t
, b(Y ϖ

t
, t)↗

+ ω2(Y ϖ

t
, t)(Dϖ

t
)↓1

(
n+ 2(⇁ + 1)(Dϖ

t
)↓1≃Y ϖ

t
≃2
)

dt

+ 2⇁(Dϖ

t
)↓↼↓1ω(Y ϖ

t
, t)

〈
A(Y ϖ

t
, t)TY ϖ

t
, dWt

〉

= ⇁Zϖ

t
h(Y ϖ

t
, t) dt+ 2⇁(Dϖ

t
)↓↼↓1ω(Y ϖ

t
, t)

〈
A(Y ϖ

t
, t)TY ϖ

t
, dWt

〉
,

where we define

h(y, t) :=
2↔y, b(y, t)↗+ nω2(y, t)

1↘ ≃y≃2 +
2(⇁ + 1)ω2(y, t)

1↘ ≃y≃2 · ≃y≃2

1↘ ≃y≃2

=
2↔y, b(y, t)↗+ nω2(y, t)

1↘ ≃y≃2 +
2ς̄↓1ω2(y, t)

1↘ ≃y≃2 ·
(

1

1↘ ≃y≃2 ↘ 1



=
2

1↘ ≃y≃2

(
↔y, b(y, t)↗+ ς̄↓1ω2(y, t)

1↘ ≃y≃2


+ (n↘ 2ς̄↓1)

ω2(y, t)

1↘ ≃y≃2 .

(B.11)
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This shows that for ↑t → [0, T ] we have

Zϖ

t
= (1↘ ≃y0≃2)↓↼ + ⇁

∫
ωε∝t

0
Zϖ

s
h(Y ϖ

s
, s) ds

+ 2⇁

∫
ωε∝t

0
(Dϖ

s
)↓↼↓1ω(Y ϖ

s
, s)

〈
A(Y ϖ

s
, s)TY ϖ

s
, dWs

〉
. (B.12)

Since by the definition of ϖϖ we have Y ϖ

ωε∝t
→ B̄ϖ and thus Zϖ

t
→ [1, ⇀↓↼ ],

and since as a consequence the first integral term in (B.12) is bounded as well
(namely by ⇁T⇀↓↼ ·maxy↗B̄ε, s↗[0,T ] |h(y, s)|), the second integral term in (B.12)
must be bounded, too, and so as a function of t it is in fact a martingale (and
not just a local martingale). Its expected value must therefore vanish, and so
we have

EZϖ

t
= (1↘ ≃y0≃2)↓↼ + ⇁ E

∫
ωε∝t

0
Zϖ

s
h(Y ϖ

s
, s) ds. (B.13)

Now since for 1↘ ρ < ≃y≃ < 1 and t → [0, T ] our condition (B.9) ensures that

h(y, t) ∞ 0 +
∣∣n↘ 2ς̄↓1

∣∣ · ς̄ · sup
y↗B

s↗[0,T ]

|↔b(y, s),y↗| < ⇔,

and since h is bounded also on the compact set {y → Rn | ≃y≃ ∞ 1↘ ρ}↙ [0, T ]
simply because of its continuity, we have

K := sup
y↗B

s↗[0,T ]

h(y, s) < ⇔.

Our integral formula (B.13) therefore leads us to the estimate

EZϖ

t
∞ (1↘ ≃y0≃2)↓↼ + ⇁K E

∫
ωε∝t

0
Zϖ

s
ds

∞ (1↘ ≃y0≃2)↓↼ + ⇁K E
∫

t

0
Zϖ

s
ds

= (1↘ ≃y0≃2)↓↼ + ⇁K

∫
t

0
EZϖ

s
ds,

and so by applying Grönwall’s inequality (e.g., [37, Theorem 1.2]) we find that

EZϖ

t
∞ (1↘ ≃y0≃2)↓↼ · e↼Kt

for ↑t → [0, T ]. Setting t := T now yields our desired ⇀-independent bound,
completing the proof of the first part of this lemma.

The second part of this lemma is now an immediate consequence: If the
conditions of this lemma hold for ↑T > 0, then by what we have proven so far,
for each T > 0 the SDE (B.7) has a unique solution (Y T

t
)t↗[0,T ] on [0, T ]. The

uniqueness then implies that any two processes
(
Y T1
t

)
t↗[0,T1]

and
(
Y T2
t

)
t↗[0,T2]
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in this family of solutions must coincide on their joint domain [0, T1ℵT2] almost
surely. Therefore, if we define the process (Yt)t→0 by setting Yt=0 := y0 and

Yt := Y ′t∞
t

for ↑t > 0, we see that for each T > 0 it must coincide with (Y T

t
)t↗[0,T ]

on [0, T ] almost surely, which shows that it is a solution of (B.7).
To show uniqueness, suppose that there is another solution (Ỹt)t→0. Then

since its restriction to any interval [0, T ] is a solution on [0, T ], it must coincide
with (Y T

t
)t↗[0,T ] and thus with (Yt)t→0 on [0, T ] almost surely, and so (Ỹt)t→0 is

equal to (Yt)t→0 almost surely.

B.3 Proof Of Lemma 2.4

Proof of Lemma 2.4. We will only prove the first part of this lemma (i.e., the
one focussing on a fixed interval [0, T ]); the second part then follows analogously
to our arguments used in the proof of Lemma B.2 above. To do so, let us fix
some T > 0.

Again denoting the open unit ball in Rn by B := {y → Rn | ≃y≃ < 1}, we
begin by defining a bijection ḡ : M0 ∋ B. To do so, note that since at the point

a := xmin ↘ 1
2v = n↓2

2 Ev ↘ (r↑ + 1
2 )v (B.14)

we have

r(a) = r↑ + ↔v,a↗ = r↑ + n↓2
2 ↔v, Ev↗ ↘ (r↑ + 1

2 )≃v≃
2

= r↑ + 0↘ (r↑ + 1
2 ) = ↘ 1

2 < 0,

i.e., a → Rn\M0 by (2.14a)–(2.14b), according to Lemma B.1 (i)–(ii) the function
g(x) := x↓a

↔x↓a↔2 maps M0 bijectively onto the open ball with radius ↘ 1
2r(a) = 1

and center ↘ 1
2r(a)v = v. The function

ḡ(x) :=
x↘ a

≃x↘ a≃2 ↘ v

therefore maps M0 bijectively onto B, as desired.
This allows us to prove the first part of the desired statement by using

Lemma B.2 to show that the SDE for the image process Yt := ḡ(Xt), obtained
via Itô’s Lemma, has a unique strong solution that almost surely remains con-
fined to B for ↑t → [0, T ]. Indeed, given this solution (Yt)t↗[0,T ] of the image
SDE, the process Xt := ḡ↓1(Yt) must be a solution of the original ACE SDE
(2.10) that remains in ḡ↓1(B) = M0 almost surely for ↑t → [0, T ]; furthermore,
the solution of (2.10) must be unique since if there were two solutions then
their images under ḡ would be two solutions of the image SDE, contradicting
Lemma B.2.

This shows that all we need to do is to verify that the drift and the noise
function of the SDE for Yt satisfy the conditions of the first part of Lemma B.2.
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We therefore begin by computing the SDE for Yt. Denoting the components
of ḡ and Yt by ḡi and Y i

t
, respectively, Itô’s Lemma tells us that for ↑i = 1, . . . , n

we have

dY i

t
=

[
〈
̸ḡi(Xt), µ(Xt)

〉
+
1

2
ω2(Xt, t)

n∑

j=1

↽2
j
ḡi(Xt)

]
dt+ω(Xt, t)

〈
̸ḡi(Xt), dWt

〉
.

(B.15)
The necessary derivatives of ḡ are given by

̸ḡ(x) =
1

≃x↘ a≃2

(
I ↘ 2

(x↘ a)⊤ (x↘ a)

≃x↘ a≃2


, i.e., (B.16)

↽j ḡi(x) =
ϑij

≃x↘ a≃2 ↘ 2(x↘ a)i(x↘ a)j
≃x↘ a≃4 ,

↽2
j
ḡi(x) = ↘2(x↘ a)j

≃x↘ a≃4 ϑij +
8(x↘ a)i(x↘ a)2

j

≃x↘ a≃6 ↘ 2(x↘ a)i + 2ϑij(x↘ a)j
≃x↘ a≃4

= ↘(2 + 4ϑij)
(x↘ a)i
≃x↘ a≃4 +

8(x↘ a)i(x↘ a)2
j

≃x↘ a≃6 ,

n∑

j=1

↽2
j
ḡi(x) = ↘(2n+ 4)

(x↘ a)i
≃x↘ a≃4 + 8

(x↘ a)i
≃x↘ a≃4 = (4↘ 2n)

(x↘ a)i
≃x↘ a≃4 .

Plugging them into (B.15) and combining the obtained SDEs for i = 1, . . . , n
into a single vector-valued SDE, we arrive at

dYt =

[
̸ḡ(Xt)µ(Xt) +

(2↘ n)ω2(Xt, t)

≃Xt ↘ a≃4 (Xt ↘ a)

]
dt

+
ω(Xt, t)

≃Xt ↘ a≃2

(
I ↘ 2

(Xt ↘ a)⊤ (Xt ↘ a)

≃Xt ↘ a≃2


dWt

=
(
µ̃1(Yt) + µ̃2(Yt, t)

)
dt+ ω̃(Yt, t)A(Yt) dWt, (B.17)

where with the abbreviation

y := ḡ(x) =
x↘ a

≃x↘ a≃2 ↘ v, i.e., x := ḡ↓1(y) =
y + v

≃y + v≃2 + a, (B.18)

we define

ω̃(y, t) :=
ω(x, t)

≃x↘ a≃2 , (B.19a)

A(y) := I ↘ 2
(x↘ a)⊤ (x↘ a)

≃x↘ a≃2 , (B.19b)

µ̃1(y) := ̸ḡ(x)µ(x), (B.19c)

µ̃2(y, t) :=
(2↘ n)ω2(x, t)

≃x↘ a≃4 (x↘ a). (B.19d)
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Now observe the following: (i) Since a → Rn\M0, all these functions are con-
tinuous on their respective domains B or B↙ [0, T ], and in fact locally Lipschitz
continuous in x and thus (because of the boundedness of ̸ḡ in (B.16) on M0)
also in y, in the case of ω̃ and µ̃2 uniformly in t → [0, T ]. (ii) For ↑y → B the
matrix A(y) is orthogonal since A(y)A(y)T = A(y)A(y) = I. (iii) The drift
b(y, t) := µ̃1(y)+ µ̃2(y, t) of the image SDE (B.17) fulfills the boundedness con-
dition (B.5) of Lemma B.2 (in fact, we even have supy↗B, t↗[0,T ] ≃b(y, t)≃ < ⇔),
since its first component

µ̃1 = (̸ḡ · µ) ◦ ḡ↓1 = (̸g · µ) ◦ g↓1 ◦ ( ·+ v) (B.20)

has a continuous extension to B̄ (in fact, to all of Rn) by Lemma B.1 (iii),
and since its second component µ̃2 is bounded as a result of our conditions
(2.19)–(2.20).

Indeed, to see the boundedess of µ̃2, first note that by (B.19d) we have

≃µ̃2(y, t)≃ =
(n↘ 2)ω2(x, t)

≃x↘ a≃3 =
(n↘ 2)ω2(x, t)

r(x)≃x≃2 · r(x)≃x≃
2

≃x↘ a≃3 , (B.21)

so that by (2.19), (2.12), and (2.3) there ¬R > 0 such that for ↑t → [0, T ] and
↑x → M0 with ≃x≃ > R we have ≃µ̃2(x, t)≃ ∞ 2. Starting from the first rep-
resentation in (B.21) again, the condition (2.20) then allows us to obtain a bound
also for ↑x → M0 ∃N with ≃x≃ ∞ R. On the remaining compact set
{x → M0 \N | ≃x≃ ∞ R}↙ [0, T ] (note that M0 \ N = M0 \ N is closed) µ̃2 is
bounded simply because of its continuity.

To apply Lemma B.2 it would therefore su!ce to show that there ¬ρ,ς → (0, 1)
such that for ↑y → Rn with 1↘ ρ < ≃y≃ < 1 and for ↑t → [0, T ] we have

ω̃2(y, t) ∞ ↘2ς1/3
〈
µ̃1(y) + µ̃2(y, t),y

〉
(1↘ ≃y≃). (B.22)

(We introduce the exponent 1
3 because we will use the value ς → (0, 1) provided

by our condition (2.20) and then verify the condition (B.6) of Lemma B.2 for
ς̃ := ς1/3 → (0, 1) instead.)

To prepare, first observe that our conditions (2.19)–(2.20) imply that there
exist ς → (0, 1), ⇀ > 0, an open set N ∀ ↽M0, and an R0 > 0, such that for any
given R ↓ R0 the estimate

sup
t↗[0,T ]

ω2(x, t) ∞ 2ςr(x)hR(x) (B.23)

holds for ↑x → M0 with x → N or ≃x≃ > R, where we define

hR(x) :=






1
n↓2≃x≃

2/
(
1 + 2(n↘ 2) r(x)↔x↔

)
if ≃x≃ > R,

ϑ + 1
n↓2≃x↘ xmin≃2

+ 1ϑ=0, ↔x↓xmin↔<ϖ r(x)
(

2
n↓2r↑ ↘ ε

)
if ≃x≃ ∞ R.

(B.24)
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In order to prove (B.22), we begin by claiming that it su!ces to find some
R ↓ R0 and some open set N̂ with ↽M0 ⊥ N̂ ⊥ N such that for ↑t → [0, T ] and
↑x → M0 with x → N̂ or ≃x≃ > R we have

↘≃x↘ a≃2↔µ̃1(y) + µ̃2(y, t),y↗ ↓ ς2/3hR(x), (B.25)

where again we abbreviate y := ḡ(x). Indeed, once we have established the
validity of (B.25), we can multiply it by ς1/3≃x↘ a≃↓2(1 + ≃y≃)↓1 and by

1↘ ≃y≃2 = 1↘
∥∥ x↓a
↔x↓a↔2 ↘ v

∥∥2

= 1↘
(
≃x↘ a≃↓2 ↘ 2≃x↘ a≃↓2↔x↘ a,v↗+ ≃v≃2

)

= ≃x↘ a≃↓2(↘1 + 2↔x↘ a,v↗)
= 2r(x)≃x↘ a≃↓2, (B.26)

where in the last step we used that

↔x↘a,v↗ =
〈
x↘ n↓2

2 Ev+( 12+r↑)v,v
〉
= ↔x,v↗↘0+ 1

2+r↑ = r(x)+ 1
2 , (B.27)

to arrive at

↘ς1/3↔µ̃1(y) + µ̃2(y, t),y↗(1↘ ≃y≃)

↓ ςhR(x)≃x↘ a≃↓2(1 + ≃y≃)↓1 · 2r(x)≃x↘ a≃↓2

(B.23)
↓ 1

2ω
2(x, t)≃x↘ a≃↓4 = 1

2 ω̃
2(y, t),

which is (B.22). This relation is shown to hold for ↑t → [0, T ] and for all y in

y → B

∣∣ ḡ↓1(y) → N̂ or ≃g↓1(y)≃ > R

= B \ ḡ

(
x → M0 \ N̂

∣∣ ≃x≃ ∞ R
)

,

and since the subtracted set on the right is a compact subset of B (note that
M0 \ N̂ = M0 \ N̂ is closed), this indeed includes ↑y → Rn with 1↘ ρ < ≃y≃ < 1
for some su!ciently small ρ → (0, 1), as desired.

To now begin our proof of (B.25), we start by finding the right R ↓ R0 and
focussing on the case ≃x≃ > R. To do so, first note that by (B.20) and Lemma
B.1 (iv) we have

lim
y⇑↓v

↘↔µ̃1(y),y↗ =
〈(
(̸g · µ) ◦ g↓1

)
(ϱ0),v

〉
=

〈
1

n↓2v,v
〉
= 1

n↓2 ,

and that by (B.19d), (B.23)–(B.24), (2.12) and (2.3) we have

lim sup
y⇑↓v

≃µ̃2(y, t)≃ ·
( ↔x↔
r(x) + 2(n↘ 2)

)∣∣
x=ḡ↑1(y)

= (n↘ 2) lim sup
x⇑↑

≃x↘ a≃↓3ω2(x, t) ·
( ↔x↔
r(x) + 2(n↘ 2)

)

∞ 2ς(n↘ 2) lim sup
x⇑↑

≃x↘ a≃↓3r(x)hR(x) · ↔x↔
r(x)

(
1 + 2(n↘ 2) r(x)↔x↔

)

∞ 2ς lim sup
x⇑↑

≃x↘ a≃↓3≃x≃3 = 2ς,
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where the last limit on the right is uniform in t. Since ς < ς1/3 < 1, there
therefore ¬◁ > 0 such that for ↑t → [0, T ] and ↑y → B with ≃y+v≃ < ◁ we have

↘↔µ̃1(y) + µ̃2(y, t),y↗ ↓
ς1/3

n↘ 2
↘ 2ς1/3

↔x↔
r(x) + 2(n↘ 2)

= ς1/3 ·
( ↔x↔
r(x) + 2(n↘ 2)

)
↘ 2 · (n↘ 2)

(n↘ 2) ·
( ↔x↔
r(x) + 2(n↘ 2)

)

=
ς1/3

(n↘ 2)
(
1 + 2(n↘ 2) r(x)↔x↔

) =
ς1/3hR(x)

≃x≃2 > 0.

Choosing R ↓ R0 so large that for ↑x → M0 with ≃x≃ > R we have ↔x↓a↔
↔x↔ ↓ ς1/6

and ≃y + v≃ =
∥∥ x↓a
↔x↓a↔2

∥∥ = ≃x ↘ a≃↓1 < ◁, this shows that for ↑t → [0, T ] and
all such x we have

↘≃x↘ a≃2↔µ̃1(y) + µ̃2(y, t),y↗ ↓ ς1/3≃x≃2 · ς
1/3hR(x)

≃x≃2 = ς2/3hR(x),

which is (B.25).
It therefore only remains to show (B.25) for ↑t → [0, T ] and ↑x → M0 with

x → N̂ and ≃x≃ ∞ R, for some conveniently chosen open set N̂ with ↽M0 ⊥
N̂ ⊥ N . We will choose N̂ of the form

N̂φ :=

x → Rn

∣∣ r(x) → (↘φ, φ) and ≃x≃ < R+ 1

∈ {x → N | ≃x≃ > R},

which is open and fulfills N̂φ ∀ ↽M0 for ↑φ > 0 (recall (2.14b)), and which

for su!ciently small φ > 0 also fulfills N̂φ ⊥ N (since N is an open set that
contains ↽M0). Considering also (2.14a), this means that we need to show
(B.25) for ↑t → [0, T ] and ↑x → M0 with r(x) → (0, φ) and ≃x≃ ∞ R.

To control µ̃2 first, we use (B.19d), the estimates ≃y≃ = ≃ḡ(x)≃ < 1 and

≃x↘ a≃ ↓ ↔x↘ a,v↗ (B.27)
= r(x) + 1

2 > 1
2 ,

and finally (B.23), to see that for φ ∞ 1
4(n↓2)ϱ (ς

1/3↘ς2/3) we have the estimate

≃x↘ a≃2 ↔µ̃2(y, t),y↗ ∞ ≃x↘ a≃2 |↔µ̃2(y, t),y↗|
= (n↘ 2)≃x↘ a≃↓2ω2(x, t)|↔x↘ a,y↗|
∞ (n↘ 2)≃x↘ a≃↓1ω2(x, t)

< 2(n↘ 2)ω2(x, t)

∞ 2(n↘ 2) · 2ςr(x)hR(x)

∞ 2(n↘ 2) · 2ςφhR(x)

∞ (ς1/3 ↘ ς2/3)hR(x). (B.28)
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It therefore only remains that to show that for ↑t → [0, T ] and ↑x → M0 with
r(x) → (0, φ) and ≃x≃ ∞ R we also have

↘≃x↘ a≃2↔µ̃1(y),y↗ ↓ ς1/3hR(x), (B.29)

since subtracting (B.28) from (B.29) would then imply (B.25). Note that
throughout our proof we may still further decrease φ if necessary.

To show (B.29), we begin by evaluating its left-hand side: By (B.19c), (B.16),
(B.18), (2.18), and (B.27) we have

↘≃x↘ a≃2↔µ̃1(y),y↗ = ↘≃x↘ a≃2↮ḡ(x)µ(x),y↗
= ↘≃x↘ a≃2↔µ(x),̸ḡ(x)Ty↗

= ↘
〈
µ(x),

(
I ↘ 2 (x↓a)↘(x↓a)

↔x↓a↔2

)(
x↓a

↔x↓a↔2 ↘ v
)〉

= ↘
〈
µ(x),↘ x↓a

↔x↓a↔2 ↘ v + 2⇔x↓a,v↖
↔x↓a↔2 (x↘ a)

〉

= ↔µ(x),v↗+ ≃x↘ a≃↓2(1↘ 2↔x↘ a,v↗)↔µ(x),x↘ a↗

=

ϑ + 1

n↓2≃x↘ xmin≃2 ↘ r(x)(ε+ 2
n↓2 ↔v,x↗)



+ ≃x↘ a≃↓2(↘2r(x))↔µ(x),x↘ a↗
= ϑ + 1

n↓2≃x↘ xmin≃2 + r(x)u(x), (B.30)

where we abbreviate

u(x) := ↘ε↘ 2
n↓2 ↔v,x↗ ↘ 2≃x↘ a≃↓2↔µ(x),x↘ a↗. (B.31)

The inequality (B.29) is therefore equivalent to

ϑ + 1
n↓2≃x↘ xmin≃2 + r(x)u(x) ↓ ς1/3hR(x),

and thus, after plugging in (B.24) and rearranging terms, to

r(x)

u(x)↘ 1ϑ=0, ↔x↓xmin↔<ϖ ς

1/3
(

2
n↓2r↑ ↘ ε

)

+ (1↘ ς1/3)
(
ϑ + 1

n↓2≃x↘ xmin≃2
)
↓ 0. (B.32)

We need to show this inequality for ↑t → [0, T ] and ↑x → M0 with r(x) → (0, φ)
and ≃x≃ ∞ R.

To prove it for the case ϑ = 0 first, observe that in this case by (B.31), (2.17),
(B.14), Lemma 2.2 (ii), (2.3), (2.16), and finally (2.9b) we have

u(xmin) = ↘ε↘ 2
n↓2

〈
v, n↓2

2 Ev ↘ r↑v
〉
↘ 2

∥∥ 1
2v

∥∥↓2〈
µ(xmin),

1
2v

〉

= ↘ε↘ 0 + 2
n↓2r↑ ↘ 2 · 4 · 1

2ϑ = 2
n↓2r↑ ↘ ε > 0;

we can therefore find an ⇀̂ → (0, ⇀) such that for ↑x → M0 with ≃x↘xmin≃ < ⇀̂ we
have u(x) ↓ ς1/3

(
2

n↓2r↑ ↘ ε
)
, which implies (B.32) for such x. Furthermore,

setting
L := max


|u(x)|

∣∣x → M0, r(x) → [0, 1], ≃x≃ ∞ R

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and reducing φ if necessary so that

φ ∞ min

{
1,

(1↘ ς1/3) 1
n↓2 ⇀̂

2

L+ ς1/3
(

2
n↓2r↑ ↘ ε

)
}
,

we see that for ↑x → M0 with r(x) → (0, φ), ≃x≃ ∞ R, and ≃x ↘ xmin≃ ↓ ⇀̂ we
have

↘r(x)

u(x)↘ 1ϑ=0, ↔x↓xmin↔<ϖ ς

1/3
(

2
n↓2r↑ ↘ ε

)

∞ ↘r(x)
[
u(x)↘ ς1/3

(
2

n↓2r↑ ↘ ε
)]

∞ φ
(
L+ ς1/3( 2

n↓2r↑ ↘ ε)
)

∞ (1↘ ς1/3) 1
n↓2 ⇀̂

2

∞ (1↘ ς1/3) · 1
n↓2≃x↘ xmin≃2,

and so (B.32) holds also for those x, completing the case ϑ = 0.
Finally, if ϑ > 0 then we can instead reduce φ so much that φ ∞

min

1, 1

L
(1 ↘ ς1/3)ϑ


, which implies that for ↑x → M0 with r(x) → (0, φ) and

≃x≃ ∞ R we have
↘r(x)u(x) ∞ φL ∞ (1↘ ς1/3)ϑ,

which also implies (B.32).
This completes our proof of (B.32), and thus of Lemma 2.4.

B.4 Proof of Lemma 2.8

Proof. For any given 0 ∞ t < T and x → M0, let (Xs)s↗[t,T ) be the process
satisfying the SDE (2.10)–(2.11), but starting from Xt = x, and consider the
processes (Ys)s↗[t,T ] and (Zs)s↗[t,T ) defined as

Ys := exp
(
↘
∫
s

t
r(X↽) dθ

)
and Zs := B$,T (Xs, s) · Ys.

By Itô’s formula the increments of (Zs)s↗[t,T ) are of the form

dZs = Ys ·
(
↽s + ↔µ,̸↗+ 1

2ω
2#↘ r

)
B$,T


(Xs, s) ds+ ( . . . ) dWs ,

and since by (2.35) the ds-term vanishes, this shows that (Zs)s↗[t,T ) is a lo-
cal martingale. Since this process is bounded (since B$,T is bounded and r is
bounded below), it is therefore in fact a martingale (see for example [38, Corol-
lary 2.2.6]), so that for ↑⇀ → (0, T ↘ t) we have

B$,T (x, t) = Zt = E[ZT↓ϖ] = E
[
B$,T (XT↓ϖ, T ↘ ⇀) · YT↓ϖ

]
.

Letting ⇀ ℑ 0, applying the dominated convergence theorem, and using that
B$,T is continuous and by (2.35) takes the value 1 at t = T , we now obtain
B$,T (x, t) = EYT .4 Since in this proof we have assumed that Xt = x, this
is (2.25).

4Defining Zs only on [t, T ) and then taking the limit (instead of just choosing %= 0 to
begin with) relieves us from having to show that the PDE (2.35) is satisfied also at t = T .
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