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Background
Dynamical systems subject to small noise, such as an SDE

dXt = b(Xt) dt +
√

ε dWt, X0 = x0, (1)

where b(x) is the drift and (Wt)t≥0 is Brownian motion, can exhibit
bistable behavior: If x0 and x1 are stable equilibrium points of the
zero-noise-limit, i.e. of the ODE ẋ = b(x), then the noise in (1) allows
for unlikely (rare) transitions from x0 to x1 that would be impossible
without the presence of the noise. (See the following illustration.)

Large deviation theory characterizes the maximum likelihood transi-
tion path as the solution of the double minimization problem

V (x0, x1) := inf
T>0

ψ:[0,T ]→Rn

ST (ψ), ST (ψ) =

∫ T

0
L(ψ, ψ̇) dt, (2)

where L(x, y) is the Lagrangian associated to (1), and where ψ is con-
strained to be an absolutely continuous function fulfilling ψ(0) = x0
and ψ(T ) = x1. The function V (x0, x1) is called the quasipotential.

Geometric Action
Problem:
Paths prefer to slow down infinitely at x0 and x1, and as they cross the
boundary between the two basins of attraction.
=⇒ No minimizer (T ?, ψ?) exists, leading to problems when solving (2)
numerically.

Solution:
Introduction of an action Ŝ(ϕ) : AC(0, 1) → [0,∞] that is parameteriza-
tion-invariant, i.e.

Ŝ(ϕ̃) = Ŝ(ϕ) if ϕ̃(α) = ϕ
(
β(α)

)
,

and that fulfills
V (x0, x1) = inf

ϕ:[0,1]→Rn
Ŝ(ϕ), (3)

where ϕ is constrained to fulfill ϕ(0) = x0 and ϕ(1) = x1.

Since time does not enter this formulation, the above problems are
eliminated. This approach works for general actions ST (ψ) of the
form (2). [1, 2, 3, 4]

Example:
For the SDE (1) we have

Ŝ(ϕ) =

∫ 1

0

(|b(ϕ)||ϕ′| − 〈b(ϕ), ϕ′〉) dα (4)

= 2

∫ 1

0
|b(ϕ)||ϕ′| sin2 (

1
2�(b(ϕ), ϕ′)

)
dα.

The Geometric Minimum Action
Method (gMAM)
Problem:
Numerically solve the minimization problem (3), i.e. find the most likely
transition curve ϕ? from x0 to x1.

Solution:
Starting from an arbitrary curve ϕ0 connecting x0 and x1, evolve the
curve using the steepest-descent PDE

∂τϕτ (α) = −Aϕτ ,ϕ′τ(α)
[
(δϕŜ)(ϕτ )

]
(α) ∀α ∈ [0, 1] ∀τ ≥ 0,

ϕτ (0) = x0, ϕτ (1) = x1 ∀τ ≥ 0,

where Aϕτ ,ϕ′τ(α) is some positive definite matrix that was introduced
for stability reasons.

Since Ŝ is parameterization-invariant, we can after every iteration step
redistribute the gridpoints of the current solution ϕτ to make them
equidistant. This leads to optimal use of the number of gridpoints,
and it has shown to further increase stability.

After convergence, one can at each point of the curve ϕ? := ϕτ=∞
recover the optimal velocity at which the curve is traversed. [1, 2, 3, 4]

Example 1: Reaction-Diffusion SPDE
This approach works also in infinite dimensions. Consider for exam-
ple the following SPDE system [1, 2] for functions u(x, t) and v(x, t),
where x ∈ [0, 1] and t ≥ 0:

{
ut = κuxx + u− u3 − βuv2 +

√
ε ηu(x, t),

vt = κvxx − (1 + u2)v +
√

ε ηv(x, t).

Here ηu(x, t) and ηv(x, t) are spatio-temporal white-noises, and β, κ >
0 are parameters. It can be shown that the system satisfies a large
deviation principle with the action

ST (u, v) =
1

2

∫ T

0

∫ 1

0

(
(ut − κuxx − u + u3 + βuv2)2

+
(
vt − κvxx + (1 + u2)v

)2
)

dx dt.

The corresponding geometric action Ŝ(ϕ) is the analog of (4), where
the scalar product is replaced by the L2 inner product. The gMAM al-
gorithm generalizes as well, and for two choices of parameters (β, κ)
we obtain the following two exemplary transition curves.
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Here, the two surfaces represent the two components u? and v? of the
minimizer ϕ?, the pink line is the saddle point passed by the curve,
and the red dots at the side mark points at equidistant times.

Example 2: The Genetic Switch
The genetic switch [2, 5] is a system within a bacterial cell. It con-
tains a large number of plasmids (identical copies of circular strings
of DNA) and two types of proteins, A and B. These proteins form
polymers Al and Bm which can bind to the respective other protein’s
gene coding site and inhibit the further production of that protein. This
positive feedback loop has two stable states: one with many proteins
A and few proteins B, and one with few A and many B.

Denoting by N the total number of molecules in the cell, the state of
this system is described by the density vector x = (x1, . . . , x6), where

x1/2 =
1

N
· (number of proteins A/B

)
,

x3/4 =
1

N
· (number of polymers Al/Bm

)
,

x5/6 =
1

N
· (number plasmids that are blocked on gene sites a/b

)
.

The system can be modelled by a continuous-time Markov jump pro-
cess with jump rates Nνj(x) and jump vectors 1

Nej, j = 1, . . . , 12, given
in the following table.

reaction type rate functions jump vectors
protein production ν1(x) = kA

1 (1− x6) e1 = (1, 0, 0, 0, 0, 0)

ν2(x) = kB
1 (1− x5) e2 = (0, 1, 0, 0, 0, 0)

protein degradation ν3(x) = kA
2 x1 e3 = (−1, 0, 0, 0, 0, 0)

ν4(x) = kB
2 x2 e4 = (0,−1, 0, 0, 0, 0)

polymer formation ν5(x) = kA
3 xl

1 e5 = (−l, 0, 1, 0, 0, 0)

ν6(x) = kB
3 xm

2 e6 = (0,−m, 0, 1, 0, 0)

polymer degradation ν7(x) = kA
4 x3 e7 = (l, 0,−1, 0, 0, 0)

ν8(x) = kB
4 x4 e8 = (0,m, 0,−1, 0, 0)

protein binding ν9(x) = kA
5 x3(1− x6) e9 = (0, 0,−1, 0, 0, 1)

ν10(x) = kB
5 x4(1− x5) e10 = (0, 0, 0,−1, 1, 0)

protein unbinding ν11(x) = kA
6 x6 e11 = (0, 0, 1, 0, 0,−1)

ν12(x) = kB
6 x5 e12 = (0, 0, 0, 1,−1, 0)

As N →∞, the jumps get smaller and more frequent, and thus noise-
driven transitions become less likely. The system fulfills a large devia-
tion principle with an action ST (ψ) of the form (2).

Using the gMAM algorithm, one can compute the maximum likelihood
transition curve ϕ? in R6 from one stable state to the other. Two projec-
tions of ϕ? onto two-dimensional subspaces are shown in the following
graphs. The color of the curves indicates the speed of the transition
(red=slow, blue=fast).
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Maximum Likelihood Reaction Rates
If all twelve reaction types would occur at their expected rates νj(x)
then the system would not leave its initial stable state. Thus, the rea-
son for the transition is that at least one reaction j occurs at a fre-
quency µj(t) 6= νj

(
ψ?(t)

)
. To find out for which j this difference is the

largest, i.e. which reactions caused the transition, one would have to
measure the frequencies µj(t). Those however are not observable.

But while the maximum likelihood transition path ψ?(t) (the reparame-
terized minimizer ϕ? of (3)) can be caused by various combinations
µ(t) =

(
µ1(t), . . . , µ12(t)

)
of reaction frequencies, one combination

µ?(t) will be more likely than the others. Its components µ?
j(t) are

called the maximum likelihood reaction rates [2, 5], and they can be
computed from the output of the gMAM at almost no extra cost.
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The right panel shows the values of the rates µ?
j(t) for all 12 reactions.

The left panel shows their relations to the expected rates νj
(
ψ?(t)

)
at each point on the path ψ?, given by the logarithms of their ratios.
Values greater or lower than 0 indicate abnormally high or low reaction
rates, respectively.
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